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(— I , Abstract 

C^ ' We introduce the characteristic class of an i-adic etale sheaf using a cohomo- 

logical pairing due to Verdier (SGA5). As a consequence of the Lefschetz-Verdier 
trace formula, its trace computes the Euler-Poincare characteristic of the sheaf. 
We compare the characteristic class to two other invariants arising from rami- 
fication theory. One is the Swan class of Kato-Saito |16j and the other is the 
^v^ i 0-cycle class defined by Kato for rank 1 sheaves in J15j . 

^ . Let k he a perfect field, £ be a prime number invertible in k and A be a finite 

\Q ', extension of either F^ or Q^. Let X be a separated fc-scheme of finite type. Let 

O I J; X — > Spec k denote the structural morphism and put ICx = -R/'A. For an etale 

F^ I sheaf J-' of A-modules on X, its characteristic class is defined as follows. We put Ti. = 

^ ■ RrComijiilT, R\n\T) and H* = Rnom{jii\J^, RvA^) on X x X and let A = X C X x 

X denote the diagonal. Then, we have 1 G End(J^) = H%{XxX,H) = H%{XxX,n*). 
The natural pairing TY® 7^* -^ ICxxx induces a pairing ( , ) : H\{X x X, H)®H\{X x 
V : X, n*) -^ H\{X X X, /Cxxx) = H^{,X, ICx). We define the characteristic class of T, 

5j I denoted C{J-'), to be the pairing (1, 1) G -ff°(X, ICx)- If X is smooth of dimension d, 

we have C{J-') G H'^'^{X,A{d)). By the Lefschetz-Verdier trace formula jTT] Theoreme 
4.4, the trace Tr C{J-') gives the Euler-Poincare characteristic x(-^fc) ^) if X is proper, 
where k denotes a separable closure of k. 

By devissage, computations of the characteristic classes are reduced to a computa- 
tion of C{jiJ-') where j : [/ — ;> X is an open immersion, U is smooth and JF is a smooth 
sheaf on U. In this paper, we compute the characteristic class of C{j\J^) or rather the 
difference C{j\J^) —rank T-C{j\K) in terms of the ramification of JF along the boundary 
X\U . More precisely, we prove that C{j\J^) — rank JF • C{j\h.) is equal to the following 
two invariants, under certain assumptions. One is the Swan class Sw(jF) of JF defined 
in ^ni- The other is the 0-cycle class Cjf defined by Kato ^H] in rank 1 case. We also 
define a localization of the difference C{j\J-') — rank JF ■ C{j\A) in if^> ^(X, )Cx) as a 
cohomology class with support on the boundary. 
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The relation with the Swan class is a refinement of the generalized Grothendieck- 
Ogg-Shafarevich formula proved in JH]- The proof uses a finite etale covering of U 
trivializing the reduction modulo £ of the i-adic sheaf JF. It is similar to that of the 
generalized Grothendieck-Ogg-Shafarevich formula in loc. cit. The key ingredients in 
the proof are the compatibility of the characteristic class with pull-back and an explicit 
computation of the characteristic class in the tamely ramified case. This argument 
works in arbitrary dimension and in arbitrary rank, under a certain mild assumption 
that the sheaf is "potentially of Kummer type" (see Definition 13. 1.1|) . However, since 
we use the pull-back to a covering, we can not avoid a denominator. 

The relation with the other invariant cjr in rank 1 case is proved using a blow-up at 
the ramification locus in the diagonal X G X x X. This argument does not involve a 
denominator and we get an integral result. However, even to formulate the statement 
at least for the moment, we need to assume that the sheaf has rank one. Using this 
approach, we obtain a new proof of the Grothendieck-Ogg-Shafarevich formula for 
curves without using a covering trivializing the sheaf or the Weil formula. A crucial 
fact, used in the proof, is the following geometric interpretation of the ramification 
theory for Artin-Schreier-Witt characters of Kato ^3] , proved in j2] . 

Let (X X X)' -^ X X X be the log blow-up and X -* (X x X)' be the log 
diagonal map. We consider the blow-up (X x X)" -^ (X x X)' at the Swan divisor 
Dyr c X regarded as a closed subscheme of (X x X)' by the log diagonal map. Then, 
the sheaf ?iom(pr2JF, pr^jF) on U x U is unramified along the exceptional divisor of 
(X X X)". Further the restriction of a smooth extension of 7iom(pr2JF, pr^jF) on the 
exceptional divisor is the Artin-Schreier sheaf defined by the refined Swan conductor. 
This interpretation means that one can kill the ramification of a sheaf not only by 
a ramified covering but also by blowing-up the diagonal on the ramification locus. 
More quantitatively, the Swan conductor measures the necessary blow-up to kill the 
ramification. This fits nicely with the ramification theory in pp. The authors expect 
that this argument should work with arbitrary rank (cf. [2]). 

The paper is organized as follows. In Section 1, we recall some sorites on cohomo- 
logical correspondences and the Verdier pairing, and we give some complements. In 
Section 2, we define the characteristic class of a cohomological correspondence. Propo- 
sition ()2.1.12j) gives a recipe to compute it. It plays a crucial role in this paper. Then 
we compute the characterstic class under some tameness condition. In Section 3, we 
introduce the notion of a sheaf of Kummer type, and recall the definition of the Swan 
class of Kato-Saito ^Hl- For a sheaf potentially of Kummer type, we prove the main 
formula of this paper relating its characteristic class and its Swan class. In Section 4, 
we study sheaves of rank one. We recall the ramification theory of Artin-Schreier-Witt 
characters in J3]. Then, we prove an integral relation between the characteristic class 
and the 0-cycle class Cjf for a rank one sheaf, by blowing-up the diagonal. In Section 5, 
we define a cohomology class C'x\t/(-^) ^ ^x\u(-^^ ^^) with support on the boundary 
and show that it is a refinement of the difference C{j\J^) — rank JF ■ C{j\h). 

The authors thank Luc Illusie and Kazuya Kato for inspiring discussions. They 
thank Illusie for pointing out an error in Lemma r2.1.3l in an earlier version and informing 



the reference 0. 

Notation 

In this paper, k denotes a field. In sections 3 and 4, we will assume k perfect. 
Schemes over k are assumed separated and of finite type. Thus the diagonal map 
6: X = Ax —^ X X X is a closed immersion. For a divisor with simple normal 
crossings of a smooth scheme over k, we assume that the irreducible components and 
their intersections are also smooth over k. 

The letter i denotes a prime number invertible in k and A denotes a finite com- 
mutative Z^-algebra. For a scheme X over k, Dctf{X) denotes the derived category of 
complexes of A-modules of finite tor-dimension on the etale site of X with constructible 
cohomology [7j 4.6. We omit to write R or L to denote the derived functors unless 
otherwise stated explicitly or for RHom. Let ICx denote /'A where f : X ^ Spec k is 
the structure map and let D denote the functor RHom{ ,/Cx)- For objects JF and Q 
of Dct{{X) and Dctf(Y) on schemes X and Y over k, J^ MQ denotes pr]^jF ® W2G 011 
XxY. 

1 Preliminaries on cohomological correspondences. 

We recall some generalities on etale cohomology and constructions in |llj . 

1.1 Review on base change maps, cycle class maps etc. 

Let 

X' — ^ Y' 



X -^ Y 
be a commutative diagram of schemes over k. We have base change morphisms of 
functors 
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(1.1) 9*f. - fig 

(1.2) /,V' - g-f 

(jH] 4.1.5, |i6j 3.L13.2). If / is proper, if g is an open immersion and if the square is 
cartesian, the maps (jl.lj) and (jl.2|) are isomorphisms and are inverse to each other. If 
g' is proper, the base change map 

(1.3) g*h - ng'* 



is similarly defined as the adjoint of the composition /; -^ figW* = f'.9\g'* ^ dif'.Q'* 
9*11.9'* ■ The base change maps p.lj) and ()1.3|) form a commutative diagram 



9*fi 



9*h 



fl9' 



rj 



For a commutative diagram 



X 



' f , Y' '' 



Z' 



h" 



h' 



X — ^ Y — ^-^ Z 

of schemes over k, the base change morphisms ()1.2j) are transitive. Namely, we have a 
commutative diagram 



;i-4) 



' f'h"\ 



9if(h 



-■9X-fi 



■^h-gifi 



{9'nh 



ii\ 



hK9f)l 



where the slant arrows are induced by the composition isomorphisms. We also have a 
similar commutative diagram for base change morphisms p.l|) . If h' and h" are proper, 
we have a similar commutative diagram for ()1.3|1 . 

For a morphism /: X — >■ F of schemes over k and objects JF and Q of Dctf(^), we 
recall the definition of the canonical isomorphism 



;i.5) 



Rnom{f*J^, fg) -^ fRHom{T, g) 



(IE] 3.1.12.2). A canonical map J^®/!i?7^om(/*J^,/'^) ^ f,{f*J^®Rnom{f*J^J-g)) 
is defined in (0 3.1.11.2). By composing fXf*J^®Rnom{f*J^, fg)) -^ f,fg -^ g, we 
obtain JF (g) f\RTCom{f*J-', fg) — > ^. This induces the map ()1.5p by adjunction. If T 
and ^ are objects of the filtered derived category jT2] Chap. V §§1-3, the isomorphism 
(|1.5|) is an isomorphism in the filtered derived category. Recall that an object of 
DFctf{X) is a complex JF of A-modules on the etale site of X with finite filtration F, 
such that Gr^J-' is an object of Dctf{X). In particular, we have an isomorphism 



1.6) 



HomDF^^^^x){rJ', fg) ^ r(X, fFoRHomiT, g)). 



For a morphism / : X 
canonical map 



Y of schemes over k and objects JF and g of D^tiiY), a 



;i.7) 



rT®fg^f{T®g) 



is defined as follows. We have the canonical isomorphism f\{f*J^®f'Q) -^ ^® f\f'Q of 
the projection formula (j3] 5.2.9). By composing with the adjunction map f\f'Q —>■ Q, 
we obtain a map f\{f*J-' ® f'Q) ^> J-' ®Q- Thus, the canonical map ()1.7|) is defined by 
taking the adjoint. 

For a flat morphism / : X ^ F of fiber dimension d of schemes over fc, the trace 
map f\K{d)'\^d] — i> A is defined (P 2.9) and the canonical class map 

(1.8) k{d)[2d] ^ Rf- K 

is defined as its adjoint ([H] 3.2.3). If / is smooth, the map ()1.8|) is an isomorphism (jH] 
3.2.5). 

Let / : X ^ y be a morphism of smooth schemes of the same dimension n over k. 
The map / is the composition pr2 o 7 of the graph map 7 : X — > X x F and the second 
projection prg : X ^Y ^>Y . Since 7 is a section of the first projection pr^ : X x F — >• 
X and the projections are smooth of relative dimension n, a canonical isomorphism 
A — »• /'A is defined as the composition A — > 7'pr;^A ^ '-yK{n)[2n\ -^ 7'pr2A -^ /'A. 
Thus the canonical map (jl.7p for ^ = A induces a functor 

(1.9) r^f. 

We recall the cycle class map. Let C be a scheme over k and rf > be an integer. 
For an integral closed subscheme V^ C C of dimension d, the canonical class map 
K{d)[2d] -^ Kv gives the cycle class [V^] G H\V,lCv{-d)[-2d]) = H-'^\C,lCc{-d)). 
The cycle classes define a map cl: Z^iC) — > H~'^'^{C,ICc{—d)) where Zd{C) denotes 
the free abehan group generated by the integral closed subschemes of C of dimension 
d. The cycle class map Zd{C) -^ H^'^'^{C,}Cc{—d)) factors through the quotient by 
rational equivalence and induces a map 

(1.10) dc: CH,{C) . H-^\C,lCc{-d)) 

If C is a closed subscheme of a smooth scheme X of dimension rf + c, the target 
H-^'^{C,ICci-d)) is identified with H^^\X,ICxi-d)) = H^'{X,A{c)). The cycle class 
map and the intersection product are compatible in the following sense. Let X and 
Y be smooth schemes of dimension d + c and e + c over k and /: X -^ F be a 
morphism over k. Let C C X and D G Y he closed subschemes satisfying f^^{D) C C 
set-theoretically. Then the diagram 

CH,{D) ^^ Hl%Y,A{c)) 



;i-ii) f 



r 



cl, 



is commutative by JH] Lemma 2.1.2. The left vertical arrow /' : CHe{D) -^ CHd{C) 
denotes the Gysin map in the intersection theory 10 . The commutative diagram (jl.llj] 
for the diagonal map 5: X^Y = X^X implies the compatibility 



1.12) cl(l^) U c\{W) = d{V, W) 



X 



in Hyl^^'(X,A{c + d)) of the cup-product and the intersection theory for closed sub- 
schemes V and Pi^ in X of co dimensions c and d. 

1.2 Cohomological correspondences. 

We recall definitions on cohomological correspondences following ^T]. In order to 
remain compatible with the convention in |3] 1.1.10 (ii), we have chosen to switch the 
factors in ^T] and consider a cohomological correspondence as a map from the second 
factor to the first factor. 

Definition 1.2.1 Let X and Y he schemes over k and T and Q he ohjects of Dctf{X) 
and of Dct{{Y) respectively. We call a correspondence hetween X and Y a scheme C 
over k and morphisms Ci: C —>■ X and €2'- C ^ Y over k. We put c = (ci, C2) : C —>■ 
XxY the corresponding morphism. We call a morphism u : C2Q — >■ c;^JF a cohomological 
correspondence from Q to T on C . 

The definition here is slightly different from that given in JT] 3.2 if c: C -^ X xY 
is not proper. If c : C ^ X x F is the graph map 7: X ^ X xY oi a, map f : X —>■ Y, 
a cohomological correspondence from ^ to JF on C is nothing but a map f*Q — > J-'. 

By the isomorphism (jl.Sp 

(1.13) c'RHom{pTlQ,pT\J^) — > RT-Com{clQ , c'lJ-') 
and by the adjunction, the following three notions are equivalent: 

(1) a cohomological correspondence u: C2G — > c'lJ^ on C. 

(2) a section of c RHom{pT2Q , pr^JF) on C, or equivalently a map Ac -^ cRHom{pT2G , priJF) . 

(3) a map c\Ac — >■ -R7iom(pr2^,pr^jF). 

We will identify them freely in the following. If JF and Q are objects in the filtered 
derived categories, a homomorphism u: C2Q -^ c:\T in DFctf(C) corresponds bijectively 
to a section of c'Fo-R7iom(pr2^,pr^jF) by the isomorphism ()1.6|) . If c: C ^ X x y is 
a closed immersion, the three notions above are further equivalent to the following: 

(4) an element of E%{X x Y, RUom^^xlQ, W\^))- 
Recall that a canonical isomorphism 

(1.14) RUom^wlQ ,Wi^) ^ TW-ViQ 

is defined in [H] (3.1.1). 

A typical example of a cohomological correspondence is given as follows. Assume 
X and Y are smooth of dimension d over k and c = (ci, C2) : C — > X x F is a closed 
immersion. Let T and Q be sheaves of free A-modules on X and Y respectively and 
assume Q is smooth. Then, the canonical map c*?iom(pr2^,pr^jF) -^ l-iomic^Q , c\T^ 



is an isomorphism and we identify H oin{c2Q ■, d[J^) = r(C, c*7iom(pr2^,prJjF)). Since 
pr^ : X xY -^ X is smooth, we have a canonical isomorphism pr*jF((i)[2(i] -^ pr;^jF (|H] 
3.2.5) and we identify RHom{pY2Q,pTiJ-') = 7iom{pT2Q,pTlJ-'){d)[2d]. Then the cycle 
class map CHd{C) -^ H'^{X x Y,K{d)) induces a pairing 
(1.15) 

CHd{C) ® Hom{cig, clT) > Hl^{X x F, A(d)) ® r(C, c*7^om(pr*^, pr*^)) 

> H^{X X Y, Rnom{pT*g, pr- J^)). 



In other words, the pair (r,7) of a cycle class F G CHd{C) and a homomorphism 
7: CaJ?-" — i> c*jF defines a cohomological correspondence ■u(r,7). 

We recall the definition of the push-forward of a cohomological correspondence. We 
consider a commutative diagram 



;i.i6) 



X 



X' 



Cl 



c 



c 



C2 



Y 



Y' 



of schemes over k. A canonical isomorphism 
(1.17) (/x(7),i?7^om(pr;^,pr;^)- 



RHom{prlg\Q , pr^f^J^) 



is defined in ^T] (3.3.1), using the isomorphism p.l4|) . The diagram p.l6|) defines a 
commutative diagram 



(1.18) 



C 



c 



X xY 
fxg 
X' X Y'. 



We assume the vertical arrows in ()1.16p are proper. Let u: C2G —>■ c\T be a cohomo- 
logical correspondence. We identify u with a section of cKHom{^x\Q ^px\T\ Then, it 
defines a section h^,u of h^c KKomi^Y^Q ^ pr;^jF). By the assumption that /, g and h are 
proper, the base change map ()1.2|1 defines a map of functors h^c = h\c -^ c'\f x g)\ = 
c'\f X g)^. This and the isomorphism ()1.17j) give maps 



h^c RHom{pi*2Q ^ Pi'i-^) 



c'(/ X 5')*-R7^om(pr2^,pr;^jF) 
c'- RHom{pT2g\G , pr'^/^.jF). 



The push-forward /i*m: C2g*Q = C2g\Q -^ c'lf^J-" is defined by the image of h^:U by the 
composition. The push-forward hj.u is equal to the composition of the maps 

c2g*G — '■ — ^ h^c^G — ^ — > Kc^T — '- — > d{f^T. 



The formation of the push-forward is compatible with the composition. 



A variant h\u of h^,u is defined if the map C2'- C ^ V in ()1.16p is proper. In this 
case, we define hm to be the composition 



C2 9\G 



ESI 



hiCoQ 



h,{u) 



hiCiJ-' 



Ol 



c^/-^. 



The formation of the hm is also compatible with the composition. If /, g, h and C2 are 
proper, we have h^,u = h\u. 

We study the restriction of a cohomological correspondence to an open subscheme. 
We consider a commutative diagram 



U 



c 



V 



;i.i9) 



3u 



3C 



3v 



X 



_£^ ^ 



C2 



r. 



of schemes over k where the vertical arrows are open immersions. Let JF and Q be 
objects of Dctf{X) and of DdiiY) respectively and u: C2Q — >■ c\J-' be a cohomological 
correspondence on C. Let Tu = j^jj-" and Qy = JvQ be the restrictions. We identify 
3cC\T = fcC\T = c\J^u by the composition isomorphism. Then, the restriction j^u 
on C defines a cohomological correspondence u : Cg^y = JcC^G —* Jc^'i^ = c\!Fu- 

Lemma 1.2.2 Let the notation he as above and let j : U x V ^ X xY be the product 
ju X jv- We put H = RTCom{pr2Qv,PT^i^u) on U x V and H = -R7iom(pr2^,pr^jF) 
on X X Y . We identify a cohomological correspondence u\ C2Q —^ c\T with a section 
u of cH and the associated map u: ciA — ^ Ti. We also identify the restriction u = 
JqU: C2QV ~^ c[j-'u with a section u of cH and the associated map u: ciA — > 7i. Then, 
we have the following. 

1. The section u of cTi is the image of the restriction of u by the composition 
isomorphism JqcH = Jc^'Ti. -^ ci'Ti = cj*H = cTi. 

2. The square 



fciA ^-^ fU 



;i.20) 



is commutative. 



EH 



EH 



ciA 



n 



Proof. 1. The isomorphisms p.l3|) form a commutative diagram 
j^c'i?7Yom(pr2^,pr'^jF) >• j-(jRHom{c*2Q,c^T) 



cRT-Com{pr2Gv, pA^u) 
The assertion follows from this. 



R'Hom{clQv, c'^^^u 



2. We consider the diagram 



fc\k > J acH — -^ j*H 



Ol 



ca 






081 



ciA 



acH 



adj 



7^. 



The upper left square is commutative by functoriahty. The lower left square is com- 
mutative by 1 and the vertical arrows are isomorphisms. The right rectangle is com- 
mutative by the definition of the base change map ()1.2|) . Since the square ()1.2Up is the 
outer square, the assertion is proved. ■ 

Lemma 1.2.3 Assume that the right square in the diagram p.l9j) is cartesian. Let T 
andQ he objects of Dctf{U) and of DdfiV) respectively andu: C2Q — > c'lJ-' be a cohomo- 
logical correspondence on C . Then, there exists a unique cohomological correspondence 
u: C2JV1S —>■ c\ju\T on C such that j^u = u. 

Proof. Since the right square in ()1.19|1 is assumed cartesian, we have C2Jv\ = jc\C2- 
By adjunction, there exists a unique map C2JV1G = jc\C2G -^ c[juiJ^ corresponding to 
c*2G -^ jhAjmJ^ = c[jhJu\^- ■ 

Corollary 1.2.4 1. Assume that the map C2: C —>■ V is proper and C is dense in C. 
Then the right square in the diagram p.l9j) is cartesian. 

2. Assume that the right square in the diagram fll.l9|) is cartesian. Let JF and Q 
be objects of Dcti{U) and of Dct{{V) respectively andu: C2G —* c\T be a cohomological 
correspondence on C. Then, u = jciw- C2Jv\Q -^ c\juiJ^ is the unique cohomological 
correspondence on C such that j^u = u. 

Proof. 1. Since C is closed and dense in C Xy l^, we have C = C XyV . 
2. Clear from JqJciu = u and the uniqueness proved in Lemma fl. 2. 31 ■ 

We call ic\u: C2Jv\G -^ c'^ju\^ the zero-extension of u (cf. [T7] (2.3)). Similarly as 
the isomorphism (jl.l7|) . the isomorphism (jl.l4|) induces a canonical isomorphism 



;i.2i) 



;i X Jv)*{ju X l)\R'Hom{pi*2g,pi[j=') -^ Rnom{pi*2Jv\g,w[ju\^)- 



If the map c: C ^ X x Y is a closed immersion and if u: C2Q -^ c\T is identified 
with an element u G Hq{U x V, RHom{pT2Q , priJ-")) , then the zero-extension jc\u is 
the inverse image of u by the isomorphism 
(1.22) 

H^iX X Y,Rnomipr*2jv^,g,pr[juiJ')) 

^ H^{X X F, (1 X jy),{ju X l),Rnom{pT*2g,pT[j^)) 



H^{X X V, {ju X l),Rnom{pT*2g,pT[j^)) = H^{U x V^, i?Hom(pr*^,pr-.F)). 



We define the pull-back of a cohomological correspondence. Let f : X' —>■ X and 
g: Y' —>■ Y he morphisms of smooth schemes over k. We assume dimX = dimX' and 
dimF = dimF'. Let JF and Q be objects oi Dct{{X) and oi Dct{{Y) respectively. Then 
the canonical maps (jl.9p and (jl.l3|) induce a map 

(/ X gyRnom{pr*g, pr^^) -^ (/ x gyRnom{pT*g, pt[T) 

^Rnom{pr'ig*g,pr'lfr). 

With the isomorphism ()1.14j) . the map ()1.23|) is identified with the composition 

(1.24) (/ X gy{T M T>g) -^ f*T M g*T>g -^ f\F M gT>g -^ f\F M Bg*g 

where the middle arrow is defined by ()1.9|) . 

Let c = (ci, C2) : C ^ X X F be a correspondence and u: c^g -^ c^^ be a cohomo- 
logical correspondence on C. We identify u with a map u\ c\k -^ i?7iom(pr2^,pr^jF) 
as above. We define a correspondence c' = {d^^d<^: C" — *> X' x Y' by the cartesian 
diagram 



1.25) 



C -^-^ X' X Y' 
fxg 
C — ^-^ X xY. 



By the proper base change theorem, the base change map (/ x g)*ciA -^ c\A is an 
isomorphism. Hence the map u: CiA -^ i?7iom(pr2^,pr;,^jF) induces a map 

c[A ^ (/ X gyaA ^ (/ x g)* RHomipiig , pt[J^) ^^ RHomipr'* g* g , p4 f J^) . 

The composition defines a cohomological correspondence (/ x gYu: C2g*g -^ d{fT = 
c'lf*J^. We call (/ X g)*u the pull-back of m by / x gf. If c is a closed immersion, 
the correspondence u: c^g -^ c\T is identified with a cohomology class u G H^{X x 
Y,RHom(j)i2g,pT[j^)) and the pull-back (/ x gYu is identified with the pull-back 
(/ X g)*u e H^c'i^' X Y',Rnom{pT'*g*g,p4fJ'))- 

For a cohomological correspondence u(T, 7), its pull-back is computed by using the 
intersection product. 

Lemma 1.2.5 Let the notation be as above. The diagram 
(1.26) 

CHd{C) Hom{cig, c\J^) -^^ ff^(X x y, Rnom{pi*g, pr- J^)) 



{fxgY^h* 



(fxg)* 



CHdiC')(S)Hom{c'*g*g,c'*f*T) -^S H^,{X' x Y', Rnom{pT;g*g,prJ*J^)) 
is commutative. 

Proof. Clear from the commutative diagram (jl.llll . 
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1.3 Complement on the Verdier pairing. 

We briefly recall the definition of the pairing jHj (4.2.5). We consider a cartesian 
diagram 

c' 




of schemes over k. Let V and Q be objects of Dcn^X) and \et V ® Q ^> JCx be a 
morphism. Then, the map (4.2.1) in [llj and the map V ® Q ^ /Cx induce a map 
cV Kl (i'Q — *> efCx = ICe and hence a pairing 

(1.27) ( , ) : H'^iC cV) ® H%D, d'Q) -^ H\E, e'/Cx) = /^°(^, M- 

If the maps c: C -^ X and d: D ^ X are closed immersions, the pairing (J1.27J) gives 
a pairing ( , ) : /Z" (X, P) ® ifO,(X, Q) ^ ifO (X, ICx) = H\E, Ke). 

Lemma 1.3.1 Let the notation he as above. Then, we have a commutative diagram 



H%C,cV)®H''{D,d-Q) 



d'*<i 



H^{E,c'-d*V)®H%D,d-Q) 



( , > 



( , ) 



H\E,1Ce) 



H%E,}Ce) 



id 



where the lower horizontal arrow is the pairing p.27j) for E ^ D ^ D and the map 
d*V (g)d-Q^ d-)Cx = JCd dEII) induced hyV®Q^lCx- 

The pairing ( , ) is compatible with the proper push-forward in the following sense. 

Lemma 1.3.2 Let 

(1.28) D- E 




he a commutative cube of schemes over k. We assume that the horizontal faces are 
cartesian and that vertical arrows are proper. Let V and Q be objects of Dcti{X) and 
let V ^ Q ^ Kx be a morphism. 
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Then, the pairings { , ) for V <Si Q ^ ICx and for f^V ® f*Q ^* f*^x -^ ^x' form 
a commutative diagram 

H\C,(^-V)®H\D,d'Q) ^^ H\E,Ke) 
(1.29) 

H%C',c"-f.,V)0H%D',d'fM) ^^ H%E',}Ce>) 

where the left vertical maps are induced by the base change maps fc*c — > c''/* and 
foJ-^d'-f, dH. 

Proof. It follows from the commutativity of the squares (A) and (B) in the diagram 
mi (4.4.2). ■ 

Applying the pairing ()1.27|) to cohomological correspondences, we obtain the Verdier 
pairing. Let X and Y be schemes over k and 

C < E 

C=(C1,C2) 

XxY /=^^^i^ D 

be a cartesian diagram of schemes over k. Let JF and Q be objects of Dctf(X) and of 
D^tiiY) respectively. We put H = Rnom{pT;g , pt[T) and H* = RHomlpTlJ^ , pr^G) 
on X X y. A canonical map 



1.30) n^w-^ic 



XxY 



is defined in ^1 (4- 1-4), using the isomorphism ()1.14|) . If X and Y are smooth over 
k of dimension d and if JF and Q are smooth sheaves of free A-modules, we have 
n = nom{pT*g,prlJ^){d)[2d] and H* = 7^om(pr*J^,pr*^)(rf)[2rf] and the map ^^^ 
is induced by the pairing 7iom(pr2^,pr*jF)(g)7iom(pr*jF, pr2^) -^ A: aCg)6 \-^ Tr(6oa). 
The pairing ()1.27p defines the Verdier pairing 

(1.31) ( , ) : Hom{c;g, 4 ^) ® Hom{dlT, d[g) -^ H\E, ICe) 

as in [H] (4.2.5). 

The following result will be useful in computing the Verdier pairing of the extension 
by zero of a correspondence. 

Proposition 1.3.3 Let X and Y be schemes over k and ju'- U ^ X and jy : V ^^Y 
be open immersions. Let f: {X x Y)' -^ X xY be a proper morphism over k that is 
an isomorphism on {X x V) U {U x Y); we identify {X x V) U {U x Y) as an open 
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subscheme of {X x Y)' by the restriction of f . We consider a commutative diagram 



;i.32) 




of schemes over k. We assume that the vertial arrows f,g, h and the horizontal arrows 
c, c, c' , d, d, d' are proper and that the four slant parallelograms are cartesian, so that 
the six slant arrows are open immersions. We also assume C = C Xxxy {X x V) and 
D = DxxxYiUxY). 

Let T he an object of Dct{(U) and Q be an object of DcniV) respectively. We 
put n = Rnom{pT*2g,Wi^) and H* = RHomipTlJ^^-pi^G) on U x V and H = 
R'Hom{i)i2Jv\G,pAJu\J^) and H = RHom{pTlJu\T,pr2Jv\G) onXxY. Let H and 
7i be objects of Dcti{{X x Y)'). Let u: a A -^ H and v. d\A -^ H* be cohomological 
correspondences. 

1. For morphisms a: 7i\uxY -~* T^ \uxY and b: Ti Ixxv ~^ '^ \xxv, there exist 
unique morphisms a: Ti —^ f^Ti and h: Ti — > f^Ti extending a and h respectively. 

2. Let u' : c(A -^ Ti and v' : d[K ^ Ti be morphisms and a: Ti ^ f^Ti and 
h-.Ti -^ ftfTi be isomorphisms. We identify the functor j* f^ with j'* by the isomor- 
phism j'* ^ j*f* fll.2|l . Suppose the squares 



;i.33) 



ciA 
El 

f*c{A 



n 



3 a 



f*n 



d\A 

m 

f*d[A 



W 



111^ Al* 



rn 






are commutative. Then, for the zero- extensions jciu and jniv, the squares 

c,A J£ll^ u d,A 

(1.34) 



Jd\v Tjj* 

> n 



f,-c\A ^^ fM 



fJ\A -^^ fM* 



are commutative, where the left vertical arrows are induced by the canonical maps 
A -^ g^A and A -^ h^A. 

3. We keep the assumpions in 2. Further, letTi ®l-i -^ /C(xxy)' be a map making 
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the square 
(1.35) 



n^n* 



rrm 



K 



UxV 



j*a®j*b 



commutative. Then, we have 



-* j'*^iXxYY 



{JC\U,JD\V) = f*{u',v') 

inH^{E,ICE). 

Proof. 1. Since H = {ju x 1)\T-C\uxy and 7Y = (1 x jv)i'H*\xxv, the assertion 
follows. 

2. We show the assertion for u. The proof for v is similar and omitted. We claim 
that we obtain p.33|) by applying j* to p.34|) . This is clear for the bottom line and 
the right column. For the top line, we have JcJc\u = uhy Corollary 11.2.41 2. We show 
it for the left column. It suffices to show the diagram 

j*aA^ ciA 

^ o 

j*f^c[A^^f*c\A 

is commutative. The lower right triangle is commutative by the transitivity ()1.4|1 of 
the base change maps p.2|l for the base change oi C —>■ {X x Y)' —>■ X x Y hj 
j: U X V —>■ X xY. Since the base change map p.2j) is the inverse of p.ljl . the upper 
left triangle is the adjoint of the transitivity for the canonical maps ciA — > f^c\A — > j^ciA 
and is commutative. Hence, the left column in ()1.34p also induces that in ()1.33|) . 

Since a is an isomorphism, there exists a unique map u: qA -^ Ti that makes the 
square ()1.34j) commutative. Since u is the unique map that makes the square ()1.33j] 
commutative, we have j^u = u. Thus we obtain u = jc\u by Lemma fl. 2. 31 

3. We defined the push forward /*«': A — >• g^c'^H — >• cf^H and proved f^{u',v') = 
{f*u', f^.v') in Lemma Fl. 3. 21 The push forward /*«' is the adjoint of the composition 

ciA -^ /*c|A — > f^Ti and is equal to a o j(j\u by 2. Hence, we have (/*«', f^v') = 
{ao JQiu,bo j^iv). Thus, it suffices to show {Jciu,Jd\v) = {ao JQ,u,bo j^jiv). 



Since n(^n =ji{n0n*) 



we obtain a commutative diagram 



;i.36) 



n®n 



f,n ® fM 



/c 



XxY 



f*^(XxY)' 



where the lower horizontal arrow is induced by 7i 
{Jc\u,JD\v) = (a o jcfu, b o j^,v) as required. 



K 



/c 



(XxY)'- 



Thus, we have 
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2 Characteristic class of an i-adic etale sheaf. 

2.1 Characteristic class of a cohomological correpondence. 

Let X be a scheme over k and 6: X = Ax ^ X x X be the diagonal map. Let JF be 
an object of Dctf{X) and let 1 = u{X, 1) be the cohomological correspondence defined 
by the identity of JF on the diagonal X. 

Definition 2.1.1 Let c = (ci, C2) : C — > X x X be a closed immersion and u: c^T — >■ 
c\T he a cohomological correspondence on C. Then, we call the cohomology class 
{u, 1) G Hqj-^x{^^ ^x) defined in fll.Hl|l the characteristic class and write C{J-', C, u). 
If C = X is the diagonal and u: J-' —^ J-' is an endomorphism, we drop C from the 
notation and we write C{T,u) e if°(X, /Cx)- Further, if u is the identity, we simply 
write C(JF) = (1, 1) and call it the characteristic class of T . 

Example 2.1.2 ([13j Exercise 1.32) If X = C = Spec k, we have C{J^,u) = Tr m e 
A. In particular, if u = 1, we have C{J^) = xi^)- 

Lemma 2.1.3 Let X be a scheme over k and c = (ci,C2): C —^ X x X be a closed 
immersion. Let (JF, F,) be an object of the filtered derived category DFct{{X) and 
u: c\T -^ c\T be a morphism in the filtered derived category DFct{{C). Then, we have 



C{J',C,u) = J2C{Gt^J',C,Gt 



» 



inH\X,K,x)- 



Proof. It is a special case of the equality ^T] (4.13.1). For later use, we briefiy skecth 
the proof. By the isomorphism (jl.6|) . the homomorphism u G ifom£)Fctf(c)(c2-^, c'^.F) 
defines a section u of c'Fo-R7-^om(pr2JF, pr^jF) on C. Similarly the identity defines 
a section 1 of 5 .Fo-R7Yor7i(pr]^jF, pr2JF) on the diagonal X. We have a canonical iso- 
morphism Gvq RHom{pT2J-' , pr^^JF) -^ RHom{pT2Grg J^ , pr^Gr^.F) and similarly 
for GrQRTiomlprlJ-'jpT^J-'). Since the restriction of the canonical pairing (jl.27|) on 
FoRTiomijii^^ , P^i^) ® -fo-R?iom(pr^jF, prjJF) is induced by the sum of the canoni- 
cal pairings -R?iom(pr2G'r^JF, pr^Gr^jF) (g) Rl-Lom{j>i\Gr^ J^ .^n^^r^ T) —^ ICxxx, the 
assertion follows. ■ 

Remark 2.1.4 ([9]) For a distinguished triangle — > JF — » ^ -^ 7-^ — > of perfect com- 
plexes of A-modules and endomorphisms /, g, h of J-", Q, Ti compatible with u, v, w, there 
is a counterexample to the equality Ti^g) = Tr(/) + Tr(/i). 

Corollary 2.1.5 Let X be a scheme over k and {T,F) be an object of DFctf{X). 
Then, we have 

inH^{X,ICx)- 
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Proposition 2.1.6 ([llj Theoreme 4.4, Corollaire 4.8) Let f : X ^ Y be a proper 
morphism of schemes over k and we consider a commutative diagram 



^ (ci,C2) 


X xX 


h 

c > 


fxf 

Y xY 



of schemes over k where the vertical arrows are proper and the horizontal arrows are 
closed immersions. Let u: c^T —>■ c\T he a cohomological correspondence. Then we 
have 

Cif,J^,C',Ku) = f,CiJ^,C,u). 

In particular, if X is proper over k, we have 

Tr{u*: H*{X^,T)) = Tr C{J^,C,u), 
where k is a separable closure of k. 

By devissage using Lemma 12.1. HI and Proposition I2.1.(j| the computation of a char- 
acteric class is reduced to the computation of C{j\J-') where j : U -^ X is an open 
immersion, U is smooth and the cohomology sheaves Ti'^J-' are locally constant on 
U. We will later compute the characteristic class C{j\J-') or rather the difference 
C{j\J-) — rank JF • C{j\h) in terms of the ramification of T along the boundary X\U . 

We give an equivalent description of the characteristic class. The canonical isomor- 
phism (imi 

(2.1) n = i?Hom(pr*J^, pr- J^) > T W^ TiT 

induces an isomorphism 

(2.2) ^*n > J'O^DJ-. 

Thus the evaluation map 

(2.3) T®^TiT > /Cx 

[TT| (2.2.2) induces a map 

(2.4) b*n > Kx. 

If X is smooth of dimension d and if JF is a smooth sheaf of free A-modules, the map 
()2.4|1 is equal to the composition of 

5*n = 6*nom{pT;T,pTlJ^){d)[2d] = Snd{J^){d)[2d] -^ A{d)[2d] -^ ICx- 

If we put H* = RHom{pYlJ^, prgJF), the map (J2^ is the dual of the map Ax -^ S-H* 
corresponding to 1 = u{X, 1). 
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Proposition 2.1.7 Let c: C —>■ X x X be a closed immersion and u: c\Kc ^ Ti. = 
i?Hom(pr2JF, pr;i^jF) be a cohomological correspondence. Let i: C Cl X ^ X denote the 
immersion. Then the characteristic class C{J-',C,u) G H^^j^{X,}Cx) is equal to the 
cohomology class of the composition 



(2.5) -A A* A ^•'("). x*^ <^-4t r- 
^ ' i\^cr\X = c\Ac > on ' /Cx- 

Proof. Let 1 : Ax — ^ S'H* be the cohomological correspondence defined by the 
identity of JF. Then the evaluation map ()2.4|) is equal to the composition of 

6*n ^^^ 6*n^6'H* ^S 5-{H®H*) > S'ICxxx = ICx 

where the last arrow is induced by the pairing ()1.30|) . Thus the assertion follows from 
Lemma I1.3.11 ■ 

We define a refinement of the characteristic class for zero-extensions. Let X be a 
scheme over k and ju: U ^ X he an open immersion over k. Let 6: X ^ X x X 
and 6i/ : U ^ U X U he the diagonal maps. Let J-' he an object of DcniU). We put 
H. = RHomijii^^, Wi^) onU xU and H = RHom{pT2Ju\^ , pAJu\^) on X x X. Since 
T^ = iJu X 1)1(1 ^ Ju)*'H, we have a canonical isomorphism jm^u'H — >■ 5*71. Thus the 
evaluation map e : dljli, -^ Ku fl2.4|l on U induces its zero-extension ju\e : S*H — >• juiK-u- 

Definition 2.1.8 Let X be a scheme over k and ju : U -^ X be an open immersion 
over k. Let C be a closed subscheme of X x X and we consider the cartesian diagram 

C=Cn{U xU) -^-^ C 



U xU > X X X. 

We assume C = C r\ (X x U). Let i: C fl X — > X denotes the closed immersion. Let 
T be an object of Dctf{U). Let u: ciA ^ Ti be a cohomological correspondence and let 
j\u: c\A —^Tibe the zero- extension. Then, we define the refinement C\{juiJ^,C,jiu) G 
H^^^{X,ju\}Cu) of the characteristic class to be the class of the composition 

i\I\-Q^-^ = c\Ac > on > Jmi^u- 

If C is the diagonal and u: T ^ T is an endomorphism, we drop C from the 
notation and we write C\{ju\J^ , j\u) G H^{X,ju\}Cu)- Further, if u is the identity, we 
simply write C\{ju\J^) and call it the refined characteristic class of juiT . 

It is clear from Proposition 12.1.71 that the characteristic class C{juiJ^,C,j\u) G 
H^^^{X,]Cx) is the image of the refinement C\{iu\^,C,i\u) G H^ {X,ju\JCu) by 
the canonical map H^ {X,ju\]Cu) —^ H^ {X,}Cx)- 
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We give a compatibility with the pull-back. Let 



V -^^ Y 



U -^^ X 



be a cartesian square of schemes over k where the horizontal arrows are open immer- 
sions. We assume that U and V are smooth over k and dimt/ = dimy. By this 
assumption, the map (|1.9p induces a canonical map 



(2.6) 



f*JwXu = iv\f*'K^u -^ iv\f^u = jv\^ 



V 



Let c = (ci, C2) : C — i> f/ x f/ be a closed immersion. Let C be the closure of C in X x X 
and put C = {f X f)~^C. Then, the map (|2.6|) induces a map /* : H^ {X,ju\JC 



H^,^^iY,jy.,ICv)- 



cnx' 



u) 



Proposition 2.1.9 Let the notation be as above and assume that C = C (1 {X x U). 
Let JF be an object of Dctf{U) and let u: c^T — *■ c\T be a cohomological correspondence 
on C. Let j : C ^ C and j' : C = {f x f)^^C -^ C denote the open immersions. 
Then, we have C = C' n{Y x V) and 



Qijv^.rj',c',j:if X fYu) = rGXju^,j',c,jm) 



znH^,{Y,jvilCv). 



c nY 



Proof. The equality C = C n_(F x V) is clear from C = C n {X x U). We 
put H = RHom{pT2J^,pY\J^) and H = RHom{pT2Ju\^,PT^[jui^) on U x U and on 
X X X respectively. We also put H' = i?7^om(pr^/*jr,pr- /*JF) on V" x 1/ and h' = 
RT-Com{pT2Jv\f*^,P''^iJv\f*^) on y X y. We consider the commutative diagram 



jm e H^{X X X, n) 
ji{fxfyueH^,{YxY,n') 



H^jx,juis*un) 



Ju'.e 



r 



H-^r^y{X,ju\ICu) 

r 



c 



-. H^,{Y,jy,5*vn') ^^ H^,^jY,jy,ICv)- 



c nV 



c nY' 



By the uniqueness Lemma [1.2. 31 we have (/ x f)*j\u = j[{f x f)*u. Thus the assertion 
follows. ■ 



Corollary 2.1.10 If X = U andY = V, we have 

C{f*T,C\{f X fYu) = f^CiJ'^Cu). 
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We apply Proposition 12.1.91 to a finite etale Galois covering. We keep the notation 
in Proposition 12.1.91 and assume that V —>■ U is a. finite etale Galois covering of Galois 
group G. We assume further that C = U is the diagonal and hence m: JF ^ JF is 
an endomorphism. For a E G, let T^ G V x V he the graph oi a: V —>■ V and let 
a* : a* j*T -^ (/oo")*JF = /*JF denote the canonical map. We consider the composition 
/*(m) o 0"*: o*f*T -^ j*T as a cohomological correspondence on f*T on the graph 



Corollary 2.1.11 Let the notation he as in Proposition \2. 1 . ^ We assume that C = 
Ac/ G U X U and u: T ^>- T is an endomorphism of T . We assume further that 
V ^ U is a finite etale Galois covering of Galois group G. For a E G, let ]„ : Po- — >• Po- 
he the open immersion to the closure in Y x Y . Then, we have 






mH\Y,jv\lCv). 



Proof. By Proposition 12.1.91 it suffices to show G\{jv\f*J^,G ,i[{f x f)*u) = 
^^g^ G\{jv\f*^, ^a,jai{f*{u) °o"*))- Since V ^ U is an etale Galois covering, we have 
(/ X fYu = E.eG /*(^) ° ^*- Since TV C C' , we have C,(jy!/*^,^', J,'(/*(m) o a*)) = 
C\{jv\f*^, ^a,ja\{f*{u) o 0"*)) in if°(F, jvi/Cy) and the assertion follows. ■ 

Proposition 2.1.12 We consider a commutative diagram 



(2.7) 




of schemes over k. We assume that the horizontal arrows are closed immersions, that 
the six slant arrows are open immersions, that the vertial arrows f and g are proper 
and that f is an isomorphism on {X x U) U {U x X). We also assume that the four 
slant parallelograms are cartesian and C = G Xxxx {X x U). 

Let T he an ohject of DcniU). We put H = RT-Com(j)T2J-^,pT[j-') and H* = 
RHom{pTlJ^ , pr2 JF) on U x U. We also put H = RHom{j)i2J\^ ^ w\j\^) ^'^'^ ^ = 
RnomlpTlJiJ^,pr2J\n) onX X X. 

LetTi andTi he ohjects of Dcti{{X xX)') anda: H\uxy ^ Ti- \uxy andb: H \xxv - 
'H \xxv b^ isomorphisms such that the unique maps a: H —>^ f^Ti and h: Ti -^ f^Ti 
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inducing a and b in Proposition 11.3.31 1 are isomorphisms. Let H ^TC -^ IC^xxxy be 
a map making the diagram ()1.35|) commutative. 

Let u : ciA —>■ 7i be a cohomological correspondence. Let u' : c(A -^ Ti and V : 5[K —>■ 
7i be maps making the diagrams (J1.33J) commutative for d = 5: X -^ XxX andv = 1. 

1. We have 

C(j,^,C,jm) = («',!') 

2. Further, we regard v! E H^,{{X x X)' ,Tt) and let S'* : H^,{{X x X)\li!) ^ 
H^,^^{X, 6'*n') be the pull-back. Let Ti: 5'*Tt -^ Kx be the pairing 6'*n' ® 5'-n*' -^ 
S'^'K(^xxxy = Kx ()1.7|) induced byTi ®1-L -^ -^(xxx)' evaluated at V . Then, we have 

m H^CnXXcnx) = Hl.^x(^,JCx)- 

Proof. 1. By Corollary II. 2. 4| we have 1 = jil. Hence, we have C{j\J^,C,j\u) = 
{j\u,j\l). Since the assumptions in Proposition 11.3.31 are satisfied, we have {j\u,j\l) = 
ft.{u', V). Since the restriction of / to X is the identity, the assertion follows. 

2. We have {u', V) = Tr 6'*u' by Lemma fl. 3. 11 Thus, it follows from 1. ■ 

2.2 Characteristic class and log blow-up 

In this subsection, X denotes a smooth scheme of dimension d over k and D = 
[JiLi Di G X denotes a divisor with simple normal crossings. Let U G X he the 
complement of D and j: U ^ X he the open immersion. 

Let (X X X)' — > X X X be the blow-up at Dj x Dj for z = 1, . . . , m. It is defined 
by the product of the ideal sheaves loixOi C Oxxx- Let pi,P2'- (X x X)' -^ X be the 
projections. For i = 1, . . . ,m, let {Di x X)' be the proper transform oi Di x X and 
(X X DiY he that of X x A- We put D^^)' = [j.{Di x X)' and D^^)/ = j.jx x A)'- 
We define open subschemes (f/ x X)' and (X x U)' of (X x X)' to be the complements 
of D^^^' and of D^'^^' respectively. 

The intersection (X x X)'" = (f/ x X)' fl (X x U)' is the maximum open subscheme 
of (X X X)' where plDi = P2-^i for each i = 1, . . . ,m. We obtain a commutative 
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diagram 

(2.8) 



(X X uy 




(X X xy ^ 



K 



{U X X)' 



(X X X)^ 



X xU^ 



32 



XxX 



31 



U xU 



fc2 



■U xX. 



All the arrows except the blow-up /: (X x X)' — * X x X are open immersions. The 
four faces consisting of open immersions are cartesian. The diagonal map 6x = S: X = 
Ax ^ XxX induces the log diagonal map 5^ = 6' : X = A^^ -^ (XxX)~ C (XxX)'. 
Let JF be a locally constant sheaf of free A-modules of finite rank on U tamely rami- 
fied along D = X\U. We put Hq = 7^om(pr*JF, pr*JF) and H = Rnom{pT*^J^, pr[j^) = 
no{d)[2d] on U xU. We put Tt = i?7^om(pr^j!JF, pr^jij^) = jv.Rk2*n = RJ2*h\'H on 
XxX. We put Ho = j^Ho on (X x X)~. Here and in the rest of this subsection, the 
symbol j* for an open immersion j denotes the usual direct image and is not an abbre- 
viation of Rj^. We also put H = T-Co{d)[2d]. The trace map Tr : 5^7io = £nd{J^) -^ Ku 
is extended uniquely to a map 



(2.9) 



Tr: 6'*no = J.Snd{r) 



A 



X- 



We define H = fiiRk'^.H = R]2,k[0< on (^ x ^)'- 



> X and J-' onU be as above. Let C be a closed subscheme 
C n (X X X)~ be the closures of C in (X x X)' and in 



Definition 2.2.1 Letj: U 
ofUxU and let C and C 
(X X X)~ respectively. 

1. We say that a closed subscheme C dU x U is non-expanding with respect to X 
if we haveC = C' n{X x Uy . 

2. Let C d U X U be a closed subscheme that is non-expanding with respect to 
X. We call the image of the injection r(C,?iolc) ^^ r(C, 7^o|c) ihe tame part of 
V{C,no\c) = Hom{clT,c\T). 

3. Let 7: CgJ-" — ^ clJ-' be a map in the tame pari. For a cycle class V G CHd{C), 
let u = M(r,7) e H^iiX X X)^,n) denote the cup-product of c\{f) e H^dX x 

Xy,A{d)[2d]) with 7 G r{C,'Ho)- Let Tr{6^-f) G r{C nX,A) denote the image of 
5'*7 G T{C n X,7^o) by the map induced by Tr (im . 

If a closed subscheme C C U x U is non-expanding with respect to X, the closure 
C C X X X of C satisfies C n {X x U) = C n {X x U) = C. For T G CHdiC) and 
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■y: c\T -^ c\T in the tame part, the element u = u(T,'y) G if~((X x X)~,7i) is an 
extension of m = u{T, 7) e H^{U x U, H) defined by (frTH|) . 

The following lemma gives an example of a non-expanding closed subscheme. 

Lemma 2.2.2 ([16j Proposition 1.1.6) Let j : U —^ X he as above. We consider a 
cartesian diagram 



U y X 



(2.10) 



/ 



V y Y 



of morphisms of schemes overk. We assume V is the complement of a C artier divisor 
B of Y . Then, the closed subscheme C = U Xy U G U x U is non-expanding with 
respect to X . 

In the tame case, the characteristic class is computed as follows. 

Proposition 2.2.3 Let the notation be as above. Let T be a smooth A-sheaf on U = 
X \ D tamely ramified along D. Let C G U x U be a closed subscheme that is non- 
expanding with respect to X and C G X x X , C G {X x X)' and C G {X x X)~ be 
the closures. 

1. The restriction map 

(2.11) H^,{{x X xy,n') -^ Hl{{x X xy,n) 

is an isomorphism. 

2. Let 7: C2J?-' — > c*jF be an element in the tame part r(C,7-^olc') *^ r(C, Tiolc) = 
Hom{c2J-^,clJ-'). Let T G CHq{C) be an algebraic cycle class and T G CHq{C) be the 
restriction. Then, we have 

(2.12) C(j!.F,C,jm(r,7)) = cl(f, A|^^)(xxx)- TV y*7 

in H^ {X,A{d)) = H^ {X,ICx)- The right hand side is the product of the class 

cl(r, Aj^^)(xxx)~ € ^7]nx^-^' ^^) of the intersection product and Tr 5'*7 G r(CnX, A) 
defined in Definition 12 .2 . 11 3. 

Proof. 1. Since C fl {X x U)' = C, we have an isomorphism 

M,((x X xy,n') = H^,iix X xy,Rj',,k[fi) 



^S'n(xx^y((^ ^ ^)'' ^1!^) = ^^((^ ^ ^)^'^) 



as in (fT^ . 
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2. Similarly asH = ][,Rk'^J]Mo{,d)[2d], we put HI = nom{jii\J^ ,^ilJ^) on UxU, 
n* = ~j,n*o{d)[2d] on (X X X)~, and h'* = J^^RK.'W = Rj^k'^fi* on (X x X)'. 
By 1, we regard {i(f,7) G H%{{X x X)^ .V) and u(X, 1) G ifi((X x X)~,7^*') as 

elements of H%{{X x Xy,H) and if^((X x Xy,H*) respectively. We consider a 

pairing H H = {j[k'2)\{j*'Ho j^'HQ){2d)[Ad] — > JC^xxxy induced by the pairing 

Ho^ni^ Au xu : a ^b^ Tr(& o a). 

By Lemma l2.2.4l j3elow. the assumptions in Proposition 12.1.121 are satisfied. We 
claim that the map Tr: 6'*T-C = j^:Snd{J^){d)[2d] -^ Kx = Ax{d)[2d] in Proposition 
12.1.121 2 is induced by the map Tr defined in fl2.9|) . On U, it is shown in the proof 
of Proposition 12.1.71 Since the map Tr : 6'*Ho = j^£nd{J-') -^ Ax is the unique map 
extending Tr: 6*0.0 = £nd{J^) — > Ajj, it induces the map Tr: 5'*l-i -^ Kx- Thus, 
applying Proposition 1:^.1. 1:^l 2. we obtain C{jiJ^,C,jiu) = TV 6'*u{t,-f) = 5'*(cl(f)) ■ 
TV 6'*-f. By the compatibility dnH), we have 5'*(cl(f)) = cl{r,A^°^)(^xxX)-- Thus the 
assertion follows. ■ 

Lemma 2.2.4 (cf. jS], ^Tj, ^H] Lemma 2.2.1) The canonical maps Ti —>■ f^Ti and 
Ti — > f^Ti are isomorphisms. 

Proof. It suffices to show that the stalk of /=k7^ is at an arbitrary geometric point of 
IJ^ Di X Di. Let X ^[J^Di X Di and Di, . . . , Dm be the components of D. Then, since 
the question is etale local and since it is reduced to the case where A is a field, we may 
assume JF is the tensor product JFi (g) ■ ■ ■ (g) JF^ where jFj is the extension by zero of a 
smooth sheaf of rank 1 on the complement X \Di for each i = 1, . . . , r. 

Let (X X Xy be the blow-up of X x X at A x A- Then, (X x X)' is the fiber 
product of (X X X)[ over X x X. Hence, by the Kiinneth formula, it is reduced to the 
case r = 1 and D = Di. 

The fiber of (X x X)~ C (X x X)' -^ X x X at a point in Di x Di is isomorphic 
to Grn C P^ and the restriction of ?^o to Gm is smooth and is tamely ramified along 
and oo. Hence, by the proper base change theorem, it is reduced to showing that 
H'^{Aj,j\Q) = for g = 0, 1, 2 for a smooth sheaf Q on G^ tamely ramified at and 
oo where j : Gm -^ ^^ is the open immersion. 

It is clear for q = and follows by duality for q = 2. The smooth sheaf Q is 
trivialized by the covering [m] : G^ -^ G^ for an integer m invertible in k. Thus, 
the case g = 1 is reduced to the case where Q is constant. Hence it follows from the 
acyclicity of A^. ■ 

We put Cu = (-l)'^Q(fi^/^(logL>)) G H^'^{X,Zi{d)). Since the conormal sheaf 

Nx/{xxx)~ is canonically isomorphic to i7^,^(logD), we have Cu = (Aj^^, A^^)(xxx)~- 

Corollary 2.2.5 1. Assume that T is tamely ramified along D and that C = U 
is the diagonal. Then every endomorphism of T is in the tame part and we have 
End(/(JF)~ = End(7(jF). For an endomorphism 7 G End(/(JF), we have 

CiJ\J^,Jn) = Tr -f-Cu 
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in H'^'^{X, A{d)). In particular, for JF = A and 7 = id, we have 

C(j.A) = Cu. 
2. Assume C is non-expanding and is of dimension d. Then, we have 
(2.13) C(j,A,C,m(C,1)) = (5,A;^s)(xxX)- 

If X is proper, taking the trace of ()2.13j) . we recover the Lefschetz trace formula 
Tr(C*,if:(f/^,A)) = Tr(C, a5s)(^,^)^ 
for an open variety JHI Theorem 2.3.4. In particular, if C = f/, we have 

Xc{U) = deg Cu = deg {^'^t. ^'x')ix.xr. 

3 Characteristic class and Swan class 

In this section, d, denotes a prime number invertible on a noetherian scheme X and E 
denotes a finite extension of Q^ . Let O be the integer ring of E and F = 0/X be the 
residue field of E. For a constructible ii^-sheaf JF on X, J-'o denotes an 0-lattice and 
J^n denotes the reduction J^o ®o 0/A". We put T = T\. 

For a constructible ii^-sheaf JF on a scheme X over k and a cohomological correspon- 
dence M on C C X X X, the characteristic class C(JF, C, u) G H^{X, JCx) is defined as 
C(JF„, C, u„)„ e lim H^{X,RfO/X"') (8>o -S- It inherits the properties estabhshed in 
the previous section for torsion coefficients. For a smooth i?-sheaf JF on a smooth dense 
open subscheme [/ C X, we will prove that the difference C{i\J-') — rank JF ■ C{j\E) is 
given by the Swan class Sw(^) defined in jTH], under a certain assumption formulated 
using a notion introduced in §3.1. The definition of the Swan class Sw(jF) will be 
recalled in §3.2. 

3.1 f-adic sheaves potentially of Kummer type 

Definition 3.1.1 Let X be a scheme and U G X be an open subscheme. 

1. Let Di d X,i E I be a finite family of Cartier divisors such that U H Di = $ for 
each i & I. Then, we say a locally constant constructible sheaf J-" of sets on U is of 
Kummer type with respect to Di,i & I if the following condition is satisfied. 

(Kum) For each x G X, there exist an etale neighborhood W ^ X of x, bases ti of 
the invertible ideals 0{—Di)\w and an integer m invertible on W such that the 
pull-back of J^ is constant on U Xx W[Ti,i e I]/{T^ -ti,i e I). 

We say that a finite Stale scheme V over U is of Kummer type with respect to 
Di,i & I if the locally constant sheaf on U represented by V is of Kummer type with 
respect to Di,i E F 
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2. We say that a locally constant constructible sheaf J-" of sets on U is of Kummer 
type with respect to X if there exists a finite family of Cartier divisors Di G X,i E I 
such that T is of Kummer type with respect to Di, i E I . We say that a smooth E-sheaf 
T onU is of Kummer type with respect to X if there exists a finite family of Cartier 
divisors D^ C X,i E I such that Tn is of Kummer type with respect to Di,i G / for 
every n > 0. 

3. We say that a smooth E-sheaf J-" on U is potentially of Kummer type with respect 
to X if there exists a cartesian diagram 

V > Y 



f 



f 



U > X 

satisfying the following properties: The map f : Y ^ X is proper surjective, f : V —* U 
is finite etale and f*T is of Kummer type with respect to Y . 

For a geometric point x of a normal noetherian scheme X, let X^ be the strict 
localization of X at x and let 1^ = T^xiJJ ^x Xx, f]x) be the inertia group at x where % 
is a geometric point oi U^ = U x x X^. 

Lemma 3.1.2 Let X be a normal noetherian scheme and U G X be an open sub- 
scheme. We consider the following conditions on a locally constant constructible sheaf 
T of sets on U. 

(1) T is of Kummer type with respect to X. 

(2) For each geometric point x of X , the image of I^ — * Aut(jFj^^) is a finite abelian 
group of order invertible at x. 

(3) For each geometric point x of X such that Ox,x is a discrete valuation ring, the 
image of Ix — > Aut(jFj^-) is a finite group of order invertible at x. 

Then, we have (1) => (2) => (3). 

If X is a regular noetherian scheme and U is the complement of a divisor with 
simple normal crossings, then the three conditions (1), (2) and (3) are equivalent. 

Proof. (1) ^ (2) Let JF be a locally constant constructible sheaf of sets on U that 
is of Kummer type with respect to Di,i G /. Let the notation be as in the condition 
(Kum) and take a geometric point x above x. We define a map 



(3.1) 4^n 



/i- 



m 



iel 



by sending a to (cr( \/U)/ '\/U)i- Then the image Ix — *■ Aut(jFj|^) is a quotient of the 
image of 4 -^ H- /x^. 

(2) ^ (3) Clear. 

(3) =^ (1) We assume X is regular and D = X \U is a divisor with simple normal 
crossings. Then J-' is of Kummer type with respect to the family Di,i G / of the 
irreducible components oi D by ^H] Proposition 5.2 (Lemme d'Abhyankhar absolu). ■ 
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Corollary 3.1.3 Let X be a normal scheme over k and U G X be a dense open 
subscheme smooth over k. If dim X < 2, an arbitrary smooth E- sheaf J-" on U is 
potentially of Kummer type with respect to X. 

Proof. Clear from Lemma IH.1.21 and the strong resolution of singularities for sur- 
faces. ■ 

Remark. Let U d X he a. dense open subscheme of a normal scheme X over k and 
.7-" be a locally constant constructible sheaf of sets on U . We consider the following 
conditions: 

(1') There exists a proper modification X' — > X such that JF is of Kummer type with 
respect to X' . 

(2') For each geometric point x of X, the image of the inertia I^ —>■ AutJFj. has order 
invertible in k. 

Kato has told the authors that (2') implies (1'). For the other implication, there is a 
counterexample. 

We consider a geometric construction generalizing the log blow-up studied in the 
previous section. Assume k is perfect and let F be a normal scheme over k. Let 
l^ C y be an open subscheme and j: V —*Y denote the open immersion. Let -Dj, i G / 
be a finite family of Cartier divisors of Y such that V r\ Di = ^. Let {Y x Y)' be 
the blow-up oi Y X Y aX Di X Di for each i G /, (F x Y)' be its normalization and 
let Pi,P2- {Y X Y)' -^ Y denote the projections. Let {Y x F)~ C (F x Y)' be the 
maximum open subscheme where plDi = P2Di for each i & I. Let j : V xV -^ (Y xY)'" 
denote the open immersion. 

We consider an endomorphism g: Y ^ Y such that g~^{V) = V. Let Yg G Y he the 
maximum open subscheme where Di = g*Di for each i & I. Then, by the universality of 
blow-up and by the assumption that Y is normal, the immersion 7 = (1,5'): Y —>■ Y xY 
induces an immersion 7: ^g -^ (Y x y)~. If g is the identity of Y, we obtain an 
immersion 6: Y = Y^^ ^ (Y x Y)^ . Thus, we have a commutative diagram 



V — ^ VxV ^-^ V 



(3.2) 



la 



Yg — ^ (F X F)~ ^-^— Y. 



For a geometric point y of Y, let Yy denote the strict localization. Taking a geometric 
point f] oi Vy = V Xy Yy, we define the inertia group by ly = iiiiVy, fj). 

Proposition 3.1.4 Let the notation be as above. Let T and Q be locally constant 
constructible sheaves of sets on V of Kummer type with respect to Di,i e / and put 
n = 7^om(pr;^,pr*JF) onV xV. 
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1. The base change map 

(3.3) rlM > jg^rn 

is an isomorphism. 

2. Let y E Yg\V he a point such that 6{y) = 7(2/). Let y be a geometric point 
above y and let ly = TfiiVy, ff) be the inertia group where fj is a geometric point ofVy = 
V xy Yy. We identify {jJ*H)y = {iJ-tom{g,T))y = Homi-{gf,,Tf^) and {jg*l*'H)y = 
{jg*'Hom{g*Q , J-'))y = Homj-{g*Qfi,J^fj). Let m be an integer satisfying the property in 
the condition (Kum) for the sheaves T and Q . 

We define Ui G Oy^ by g*{ti) = Uiti for each i E I. Then, we have Ui{y) = 1. Let 
Vi G Oyy be the unique m-th root of Ui such that Vi{y) = 1 for each i E I . Let g: f] —>■ f] 
be a map compatible with g: V ^ V and assume g*{ y/ti) = Vi \/U for each i E I. Let 
g* '■ g*Gfi = g*{Qfi) -^ Qfj be the induced isomorphism. Then the diagram 

(3.4) I 

{jM)y{y) > {jg^Y'H)y =Homj-{g*gfj,J^f,) 

is commutative, where the horizontal arrows are the isomorphisms (j3.3p and the right 
vertical arrow is induced by the isomorphism g* : g*Qfj -^ Qfj- 

Proof. 1. It is sufficient to show that the map {i*'H)'y{y) —^ {Jg*Y'T^)y is an isomor- 
phism for each geometric point y oi Yg\V . Let f/ be a geometric point oiVy = VxYYy 
where Yy is the strict locahzation. Let ly = 7ri(V^,f/), /^(g) = 7ri((\/ x V)j(^y),'y{fj)) 
and /g(y) = '7ii{Vg(^y),g{'f])) be the inertia groups. We regard the J^-set J-'fj as an I^(y)- 
set by the map pu '■ -^7(5) — *■ ly- We also regard the Ig(^yyset Qg(f^) as an J^(g)-set and 
an /j;-set by the maps p2* : -^7(5) -^ Ig{y) and by g^: ly —>■ Ig{y) . Then, the stalks 
{i*'H)^[y) and {jg*'j*'H)y are naturally identified with the sets Homj.^^^{Qg(^fi)i^fi) and 
Homi-{Qg(^fl),J^fl) respectively. Since pu o 7^ = id and p2* ° 7* = 9*, it suffices to show 
that the images of ly and of I;y(^y) by the compositions 

ly — ^ I^y) Jllf^L^ I- X /^(j^) > Aut(J'^) X Aut(^3(^)) 

are the same. 

Take a basis tj of 0{—Di) for each i E I at y and an integer m invertible at y such 
that the image of ly -^ Aut(jFj^) is a quotient of the image of the map t: ly ^ M = 
Yliei f^m (|SIH)- We also take a basis Si of 0{—Di) for each i at giy) such that the image 
of Ig{y) — > AM.t{Qg{fi)) ^^ &- Quotieut of the image of s: Igi^y) ^ M = Y[i(£i f^m- Since y 
is a geometric point of {Y x F)~, there exists a unit Ui on a neighborhood of y such 
that g*{si) = Uiti for each i E I. Since the m-th roots of Ui define an etale covering, 
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we have a commutative diagram 






txs 



M -^ M X M. 



Since the map % : Jj^ — ;> J;y(jj) is a section of pi^, : J^(g) — ;> 7^, both Image(/y — s> M x M) 
and Image(J^(g) —>■ M x M) are equal to A(Image t: ly ^ M). Thus the assertion is 
proved. 

2. The assertion is etale local. We may assume there exists a basis tj of 0{—Di) for 
each i E I and ^ is trivialized by the etale covering W = V[Ti, i G /]/(T™ — tj, i E I) ^ 
V. Thus, it is reduced to the case where Q is the locally constant sheaf represented by 
the etale covering W ^ V. 

Let Ui G r((y X F)~, O^) be the unit defined by the equation 1 tj = Ui(ti ® 1). 
Since j{y) = S{y), we have Ui{y) = Uiijiy)) = Ui{6{y)) = 1. Hence there exists a 
unique unit Vi G r((y x Y)'^,0^) on the strict localization such that vY" = Ui and 
Vi{y) = 1. Then, by sending 1 ® Tj to Vi{Ti^l), we obtain an isomorphism P2Q -^ p^Q. 
The pull-back of this isomorphism by 7 defines an isomorphism g*Q — > Q. The diagram 
()3.4|) is commutative if we define the right vertical arrow to be that induced by this 
isomorphism g*Q —>■ Q. 

On the other hand, we have Ui = 7*('Uj) and hence Vi = 'y*{vi) for each i E I. By 
the assumption g*{ y/Ti) = f « v^ for each i E I, the map g* : g*Q^ —* Qf^ is also induced 
by the isomorphism g*Q — > Q defined above. Thus the assertion follows. ■ 

We apply Proposition 13.1.41 to the following situation. We consider a cartesian 
diagram 



V ^ Y 



(3.5) 



/ 



U > X 



of normal schemes over a perfect field k satisfying the following conditions. The hori- 
zontal arrows are open immersions with dense images. The map / : V -^ U is a. finite 
etale Galois covering of Galois group G. The map / : F -^ X is proper and the action 
of G on V^ is extended to an action on Y over X. 

Let Di (ZY,i E I he a. finite family of Cartier divisors of Y such that V r\Di = ^ for 
each i E I. Let JF be a smooth i^-sheaf on U and put J^y = j*T on V . We assume that 
Ty is of Kummer type with respect to Di,i E I. We put H = Hom(j)Y2^y , pr^jFy) on 
V xV. 

For a E G, applying the construction of the diagram ()3.2|) to the map a: V ^ V, 
we obtain an open immersion j^r'- V ^ Y^ and an immersion 70-: Vo- -^ (Y x y)~. 
We identify 5*7i = Snd{J^y) and 7*7Y = Hom^a* J-'y , J-'y) . Let y E Y(j\V he a point 
satisfying 7o-(y) = S{y) and y he a geometric point above y. The base change maps 

28 



induce isomorphisms 

(3.6) {j„^Hom{a*J^v,^v))y < jMy > {j^Snd{Tv))y 

by Proposition 13 . 1 .41 1 . 

We recall the definition of the Brauer trace. Recall that F is the residue field 
of an £-adic field E. For an automorphism a of an F-vector space M of dimension 
n, the Brauer trace Tr^'"(a: M) E E is defined as follows. Let det(T — a: M) = 
(T — tti) ■ ■ ■ (T — an) € F[T] be the eigenpolynomial of a and let ai, . . . , a„ G -E'^'' be 
the TeichmiiUer liftings of ai, . . . , an- Then the Brauer trace Tr ^(a: M) is defined to 
be the sum ai + ■ ■ ■ + an- 

Corollary 3.1.5 Let the notation be as above. Assume that the pull-back Ty = j*T 
is of Kummer type with respect to Di,i G /. Assume further that the reduction Ty 
mod A is constant and let M denote the corresponding F -representation of G. 

Let a E G be an element of order prime to L We regard the canonical map 
a*: o*Ty^ = a*f*J^ ^ (/ o a)*J^ = f*T = J^y as a section of j^Mom{a*Ty,J^y). 
Let y eY(j\V be a point such that ja{y) = 5{y) and y be a geometric point above y. 

Let Tiy-. {ja^:Hom{a*J-'y,J-'y))y —> E be the composition of 



ro 



Tr 



{j^Mom{a*J^y,J^y))y — '—^ {j^Snd{J^y))y > E. 

Then, we have ^_^ 

TTyia*) = Ti^'\a--M). 

Proof. We put x = f{y) and take a geometric point f] of Vy- Let I^ = vri(f/j., f/) be 
the inertia group. Then, the element a G G is in the image of the natural map /j. —>■ G- 
By the assumption that the order of a is prime to i, we may take an inverse image 
a E Ix such that the pro-order of a is prime to i- The map a: fj ^ f] is compatible 
with a: V ^ V- 

We take an basis tj of 0{~Di) for each i E L Since J^y is constant, the image 
of 7ii{V,f]) -^ Aut(jFy„j|) is of order a power of i for each n > 0. Thus, in the 
condition (Kum) for JF„, we may take a power of i as an integer m. By the assumption 
^{y) = laiy), we have a(ti)/ti = 1 ai y- Since a is of pro-order prime to i, for each 
i E I and a power m of £, we have a( '\/U)/ v^ = 1 at |/. Thus by Proposition 
13.1.41 2. the composition {ja^,Ti.om{a*J-'y,J-'y))y — > {jt,Snd{J^y))y is induced by the map 
0"*: cr*J^yfj — » J-'y^fi- Hence Try(o"*) is equal to Tr((T*: jF^j). Since the pro-order of a 
is prime to i, the action of a* on jFj^ is of finite order prime to i- Thus, we have 

Br 



Tr(a*: .F^) = Tr^"(a: M) 
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3.2 Review on the Swan class 



We briefly recall the definition of the Swan class ^Hl- First, we recall the definition of 
the Swan character class. Assume k is perfect and we consider a cartesian diagram 

V > Y 



(3.7) 



/ 



/ 



U 



X 



of schemes over k. We assume that the horizontal arrows are open immersion, that 
/ : y — > X is proper, and / : [/ — >■ V^ is a finite etale Galois covering of smooth schemes 
of dimension d. Let G be the Galois group Gal{V/U). By alteration ^ (cf. [TH] Lemma 
3.2.1), one can construct a diagram 

(3.8) 




of schemes over k satisfying the following properties. 

1) U is the complement of a Cartier divisor B of X' and the map X' 
isomorphism on U. 



X is an 



2) Z is smooth over k and W is the complement of a divisor with simple normal 
crossings. 



(IS313) The map g : Z 
cartesian. 



Y is proper, surjective and generically finite. The squares are 



We define the log blow-up {Z x Z)', its open subscheme {Z x Z)~ = {W x W)' and 
the log diagonal map Z = A'I*^ ^ {Z x Zy = (VT x W)' as in §2.2. 

Let (X' X X')' be the blow-up of X' x X' at 5 x fi and V\.V2- (^' x X')' ^ X' be 
the projections. Let (X' x X')~ be the maximum open subscheme of (X' x X')' where 
•p\B = P2B. Let {Z Xx' Z)^ be the inverse image of the diagonal X' -^ (X' x X')~ by 
the map {Z x Zy -^ (X' x X'Y . 

For an element a G G, let Fg- denote the graph of a. We consider the Gysin map 
{g X g)': CH^iV XuV\Av) = 0,^^ ^..^ Z ■ [F^] ^ CH.iW XuW\WxyW) in the 
intersection theory |TOj. For cr 7^ 1, the Swan character class sv/ui^-) ^ CHq{Y \ V)q 
is defined as the intersection product 

sv/u{cr) = - g,(T,A^z^)(^zxZ)- 
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by takmgeiliitmgT e CHd{{Zxx'Zy\WxvW) of {gxgy-T^ e CHd{WxuW\Wxv 
W). For a = I, Sv/u{<^) ^ CHq{Y \ V)q is defined by requiring XIo-gg -^v/uicr) = 0. 
The following basic facts are proved in [TE] . 

Lemma 3.2.1 1. (HE! Proposition 3.2.2) The 0-cycle class sv/u{(^) e CHo(Y \ V)q 
is independent of the choice of Z, W and X' . 

Let h:Y'-^Y he a proper birational morphism inducing the identity on V. Then, 

we have Ksy/uicr) = sy/uicr)- 

2. ([16j Lemma 1.1.3, 3.3.2) Assume the order of a is not a power of p and let 
C G {Z Xx' Z)"" be the closure of the inverse image C = {g x g)~^[r„) of the graph 
Fo- C V XifV of a. Then, there exists a diagram (j3.8p such that the intersection CflA^^ 
is empty and hence Sv/u{cr) = 0. 

We consider an open immersion U —>■ X oi schemes over k. We assume U is smooth 
of dimension d. For a smooth ii^-sheaf JF on U, the naive Swan class is defined as 
follows. We take a finite etale Galois covering V ^ U oi Galois group G, trivializing 
the reduction JF modulo A. Let M be the F-representation of G corresponding to JF. 
We take a cartesian diagram ()3.7p such that /: F — >• X is proper. Let G(p) denote the 
subset of G consisting of elements of order a power of p. Then, the naive Swan class 
g^naive^^^^ G G Ho{X \ f/)^ is defined by 



\G 



(tGG(p) 



where Tr ^ denotes the Brauer trace. The naive Swan class Sw'^'^'^''(jF) lies in fact in 
GHo{X \ U)eo where Eo = E f] Q(Cp-). The Swan class Sw(J^) G GHo{X \ U)q is 
defined to be j^^Tteo/qS'w'^^"°{J-'). They are conjectured to be the same and known 
to be equal if dimX < 2 [TE] Lemma 4.2.3.2. It is also proved in the proof of Theorem 
4.3.14 in loc. cit. that degSw(J^) = degSw''^'™(J^), if X is proper. 

3.3 The characteristic class and the Swan class 

Now, we state and prove the main result of this section. 

Theorem 3.3.1 Let X be a scheme over a perfect field k and j : U —* X be an open 
immersion. We assume U is smooth of dimension d. Let T be a smooth E-sheaf on 
U. _ 

1. Let f : V -^ U be a finite Stale Galois covering trivializing the reduction T mod 
X. Let 

V -^ Y 
(3.9) /| |/ 

U -^ X 
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be a cartesian diagram of schemes over k where f : Y ^ X is proper. Let G = 
Gal{V/U) be the Galois group and M be the F -representation of G corresponding to 
T . Then, if Ty = f*T is of Kummer type with respect to Y, we have 

(3.10) G{jviJ'v,r;,a*) = -Sv/u{(^)Tt'''{ct: M) 

for 0" G G, 7^ 1. // the order of a is not a power of p, the both sides are 0. 

2. Assume T is potentially of Kummer type with respect to X. Then, we have 

(3.11) C(j!^) = rank ^ ■ G{j^E) - Sw"^'™^ 
mH^XXx)- 

Proof. 1. First, we show that we may assume the additional conditions ()3.9[ 1)- 
()3.9I 5) below are satisfied. By Proposition 12 . 1 . b1 and Lemma f3. 2. 11 we may replace X 
and Y by proper modifications. By replacing X by a blow-up, we may assume that 
U is the complement of a Cartier divisor B. By replacing Y by the closure of the 
image of the immersion (cr)o-gG: ^ -^ dlo-GG)^^' *^ ^^^ assume the action of G on 
V is extended to an action on Y. Let -Dj,? G / be a finite family of Cartier divisors 
of Y with respect to which Ty is of Kummer type. By replacing it by the family 
a{Di), [i, 0") G / X G, we may assume the family Di, i G / is stable under the G-action. 
Further, by replacing Y by the blow-up by the intersections Di fl Dj, we may assume 
that 0{—Di) + 0{—Dj) is an invertible ideal for each i,j G /. Replacing X and Y by 
the normalizations, we may assume X and Y are normal. Thus we may assume the 
following conditions are satisfied. 

(J3.91 1) U G X is the complement of a Cartier divisor B. 

()3.9[ 2) The action of G on F over U is extended to an action on Y over X. 

()3.9[ 3) J-'v is of Kummer type with respect to a family Di, z G / of Cartier divisors and 
the family Di,i E I is stable under the G-action. 

(J3.91 4) X and Y are normal. 

()3.9[ 5) 0{-Di) + 0{-a*Di) is an invertible ideal for each i G / and a eG. 



Let iY X Y) be the normalization of the blow-up of F x F at Dj x Z^j, z G / as in 
§3.1. Let {Y X y)~ C (y X y) be the maximum open subscheme where Pi-Dj = P2Di 
for each i E I and jy : V" x V" ^ (F x F )~ be the open immersion. The closed immersion 
7 = (1, cr) : y ^ y X y is uniquely lifted to a closed immersion 7: F — > (F x F) , by 
the condition ()3.9I 5). by the universality of blow-up and the by the assumption that 
Y is normal. The intersection Y„ = Y r\ {Y ^ Y)"" is the maximum open subscheme 
where Di = a*Di for each i G / and jo- : V ^ Y„ be the open immersion. 
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We take an alteration 

(3.12) 

satisfying the following properties. 
T2II) The diagram is cartesian. 



W -^^ Z 



V ^^ Y 



()3.12[ 2) The map g: Z ^ Y is proper, surjective and generically finite. 

()3.12[ 3) Z is smooth over k and W is the complement of a divisor E = [Jj^jEj with 
simple normal crossings. 

We consider the smooth ii^-sheaf J-'w = (/ ° g)*^ on W, the closed subscheme 
C = {g X 5f)"^(r„) (ZWxW and the pull-back of the map a* : a*J^v -^ ^v on C. We 
show that they satisfy the assumptions in Proposition 12.2.31 Let {Z x Z)~ (Z {Z x Z)' 
be the log blow-up as in §2.2. Since JF is constant on V, the sheaf J-'w is tamely ramified 
along Z\W . By Lemma (2.2.21 the subscheme W XuW <ZW xW is non-expanding 
with respect to Z. Hence its closed subscheme C is also non-expanding with respect to 
Z. Let C denote the closure of C in (Z x Z)~. We put Ti = 7iom(pr2JFy,pr^jFy) on 
V xV. We consider the closed immersions 7: V ^ V xV and ^y: Y^r ^ {Y x y)~. By 
Proposition 13.1.41 and by the assumption that J-'v is of Kummer type, the restriction 
map r(Fa-, {jv*'H)\y ) -^ r(V,7*7i) is an isomorphism. By the commutative diagram 



TiY^,Cjv*n)\, 



T{V, -i*n) = Homv{(T*J^, T) 3 (J* 



T{cXjv*n)\c) c r(c,H|c), 

the image of a* in V{C,7i\c) lies in the tame part r(C, {iv*'^)\c)- Thus the reductions 
Tn satisfy the assumptions in Proposition 12.2.31 By applying it to JF„ and taking the 
limit, we obtain 



C{iw\^^ 



w 



r.,a* 



ci((^x^)'r.,AS,^) 



(Wy<W) 



, ■ Tr 8'*~a 



for a ^G. 

If the order of a is not a power of p, the intersection C fl A^^ is empty and hence 
the both sides in ()3.10|) are by Lemma (3.2. 11 2. If the order of a is a power of p, we 
have Tr 5'*a" = Tr ''(cr: M) by Corollary 13.1.51 since Ty is assumed of Kummer type. 
Thus fl3.1U|) follows from the definition of the Swan character class. 
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2. We take a commutative diagram ()3.9|) as in 1 such that the pull-back Ty is of 
Kummer type with respect to Y . Applying Lemma 11.2.51 to the reductions Tn and 
taking the limit, we obtain 

/*(C(ji^) - rank^ • C(j,E)) = 5^(C(jv!^y, T,, a*) - rank^ • C(jy,E, T^, 1)). 

By 1, the right hand side is equal to 

- 5Z Sy/t/(a)-(Tr^''((T:M)-rank^) = - ^ Syijj{o)-Ti'''\a:M). 

Thus, taking /^,, we obtain 

|G|(C(j,^)-rank^-C(j!i?)) = - Y, Usyiv{a) ■T^''^\a:M) 

o-GG(p) 

= -IGlSw^'^^'^J^. 

■ 
We recover the following main result of jTBl. 

Corollary 3.3.2 (T^ Theorem 4.2.9) For a smooth E - sheaf J^ on U , we have 

(3.13) Xc{U, T) = rank J^ ■ xdU, E) - deg SwJ^. 

Proof. Since deg SwjF = deg Sw"'*'™^^, it suffices to show 

X,{U, T) = rank T ■ Xc{U, E) - deg Sw^^'"<=:F 

for a smooth F-sheaf T on U . By Brauer induction, we may assume the rank of JF is 1. 
Let X- T^\{UY° ~^ P^ be the character corresponding to JF and let x- vri(f/)^'^ — > i5^^ 
be its Teichmiiller lifting. Then, the order of x is finite and the corresponding smooth 
E'-sheaf JF-^ on U is potentially of Kummer type. Thus, it suffices to take the trace of 

dnn). ■ 

4 Characteristic class of a sheaf of rank 1 

In this section we assume A is a finite local Z^-algebra. We fix an inclusion /ipoo (A) — >■ 
Z[i]/Z and identify the p-primary part yUpoo(A) as a subgroup of Z[i]/Z. Let X be 
a smooth scheme over k and j : U -^ X he the open immersion of the complement 
of a divisor D with simple normal crossings. For a smooth rank 1 sheaf JF on [/, we 
will show that the difference C{j\J-') — rank JF ■ C(jA) is given by the 0-cycle class cjr 
defined by Kato in ^^1; assuming JF is clean with respect to D. The definition of the 
0-cycle class cjr will be recalled in Definition 14. 2. 11 2. As a byproduct, we obtain a new 
proof of the Grothendieck-Ogg-Shafarevich formula 

(Hrra Xc{U, T) = rank J^ ■ xdU, A) - deg SwJ^. 

for curves without using the Weil formula. 
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4.1 Review on ramification of Artin-Schreier-Witt characters 

We briefly recall the ramification theory of Artin-Schreier-Witt characters according 
to [Hj §3 and §10. Let K he a. complete discrete valuation field of characteristic 
p> 0. 

Let F be the residue field of K. Let flp = ^f/fp be the F- vector space of differential 
1-forms and put 

n^Qog) = fip © (F (g)z K'')/{da -{a^a): aeOK,aj^ 0). 

For a G K^ , let dloga G ^^^^(log) denote the image of 1 a. We have a short exact 
sequence 

(4.1) > np > fiF(log) -^^^ F > 

of F- vector space where the residue map res: QF(Jog) -^ F sends dloga to ord a. A 
choice of prime element defines a splitting F -^ r2i7(log) of the exact sequence. 

A filtration F, on H^{K,Q/Z) is defined in f^ Definition (2.1) and is recalled in 
§10.4. We have F_iH^{K, Q/Z) = and FoH\k, Q/Z) is the unramified part. For 
a character x ^ H^{K,Q/Z), the Swan conductor of x is defined to be the smallest 
integer r > such that x ^ F^H^{K, Q/Z). For r > 0, a canonical injection 



(4.2) TSWr:Gr^H\K,Q/Z) > ^^.(log) ® m;^7m 



-r+l 



K 



is defined in Theorem (3.2) (3) ^3] and is recalled in Proposition 10.7 j2]. 

4.2 Blow-up of the diagonal 

Let X be a smooth scheme of dimension d over a perfect field k and U G X he the 
complement of a divisor D = IJjg/ -^« with simple normal crossings. Let j: U —>■ X 
denote the open immersion and let ^ be a smooth A-sheaf of rank 1 on U. 

For each irreducible component Di oi D, the sheaf JF defines a character of the 
absolute Galois group of the local field Ki at the generic point. By the identification 
/ipoo(A) C Z[l]/Z fixed at the beginning of this section, the p-primary part of the 
character 7Ti{UY^ — > A^ corresponding to JF defines a character 7ri(f/)^'^ -^ Z[l]/Z. 
Hence applying the theory recalled in the previous subsection, we define the Swan 
conductor Swj(JF) g N for each i. We define the Swan divisor Djr to be J^i^i Swj(jF)Dj. 
We decompose D = Dt + D^ into the sum of the tame part Dt = ^sw,(:^)=o -^* ^^^ 
the wild part Du, = -D:F,red = J2swiiJ^)>o^i- '^^^ refined Swan conductor rsWjjF defines 
a non-zero section of the locally free sheaf fl^,j^(\ogD){Dyr)\D^ at the generic point ^j 
of each irreducible component Di C D^^. By [14 Theorem (7.1) and Proposition (7.3), 
there exists a unique global section rswjF g T{Dii,,Q^,f^(logD){Djr)\D^) extending 
rsWiJ-' for each D^ C D^. For a locally free sheaf S of finite rank on a scheme S, let 
c^{S) = ^jCj(^) G ^■CH\S —^ S) denote the total Chern class and put c*(£^)* = 

c*{n = e.(-i)^q(^). 
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Definition 4.2.1 Let X be a smooth scheme of dimension d over a perfect field k and 
U G X be the complement of a divisor D with simple normal crossings. Let J-' be a 
smooth A-sheaf on U of rank 1 and rswJ^ e r(Z}^, Q]^,f,(\ogD){Djr)\£)^) be the refined 
Swan character defined on the wild part D^. 

1. We say that T is clean with respect to D if the section rswjF is nowhere vanishing 
on Dyj. 

2. If T is clean with respect to D, we define a 0-cycle class cjr G CHq{Dw) by 

or = {c,(fi^/fc(logD))* n (1 + Dr)-^ n [D^jdimo. 

The refined Swan character may be also regarded as an O^^-hnear map rswjF : Od^ {—Dj^) 
VL\i^{\ogD)\D^- Then, we have 



ct 



-1 



>d-l 



Q_i(Coker(rsw.F: OD^-Dr) ^ fiU(log^)bJ) H \D, 



>tV 



In pn]! the equahty cjr = Sw(JF) is proved if d < 2 in Theorem 5.1.5 and is conjectured 
in general in Conjecture 5.1.1. 

Let f: {X X X)' — > X x X be the log blow-up with respect to Z^ C X and let 
X -^ (X X X)' be the log diagonal as in §2.2. Recall that {U x X)', (X x U)' C (X x X)' 
are the complement of the proper transforms of -D x X and of X x D respectively. In 
this section, we write {U x U)' for the log product (X x X)~ = (f/ x X)' fl (X x U)'. 

We regard Dyr c X as a closed subscheme of (X x X)' by the log diagonal map 
X ^ (X X X)' and let ^ : (X x X)" ^ (X x X)' be the blow-up at D^. Let {U x 
Uy, {U X X)", (X X Uy C (X x Xy be the inverse image of {U x f/)', {U x X)', (X x U)' 
respectively. Let Aj C (X x X)' be the exceptional divisor above Di x Di for each i E L 
Let {U X U)'" C (f/ X U)" be the complement of the union of the proper transforms of 
Aj for Di C -D^. We consider a commutative diagram 



J2 



(X X xy - 



(X xX)' 



X xX' 



(X X uy - 



Ji 



(X X uy 




H 



X xU^ 




n 



K 



{u X uy -d— (u X uy 




U xX 
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The vertical down arrows are blowing-ups and the other arrows are open immersions. 
The faces of the upper cube and the four faces consisting of open immersions of the 
lower cube are cartesian. 

The projections pi,P2'- [U x U)"' -^ X are smooth of dimension d and hence {U x 
U)'" is smooth of dimension 2d over k. The log diagonal X ^ {U x U)' is uniquely 
lifted to a closed immersion X -^ ([/ x U)'" . We identify the exceptional divisor of the 
blow-up g:{Ux U)" ^ {U x U)' with the P-^-bundle ^{Sl\f^^{\ogD)\D^ © Nd^/x) = 
P{fl^,f^{\og D){Djr)\D^ © Od^) over Dw Under this identification, the inverse image 
{U X U)'" X(t7xt/) D^ = {U X U)'" \{U xU) of D^ is identified with the A-^-bundle 
V(fi^/,(logD)(D^)bJ over D^. Here P(^) = Proj(5'f) and A{£) = Spec(5'f) 
for a locally free sheaf £. 



Proposition 4.2.2 Let X he a smooth scheme of dmension d over a perfect field k 
and U G X be the complement of a divisor D with simple normal crossings. Let T he 
a smooth K-sheaf on U of rank 1 and Dj: = Sw(jF) he the Swan divisor as ahove. We 
put Ho = HomijpT^J^jpYlJ^) on U X U. Then, we have the following. 

1. The A-sheaf Hq = j'^'Ho is a smooth K-sheaf of rank 1 on {U x U)"' . 

2. The restriction of the smooth A-sheafTiQ on the complement {U x U)'" \{U xU) 
is the Artin-Schreier sheaf defined hy the minus of the refined Swan character iswJ-' e 
r{Duj,Q]^,f^{logD){Dyr)\j:,^) regarded as a linear form on [U x U)'" \ {U x U) = 

First, we verify it at the generic point of each irreducible component of {U x U)'" \ 
{U xU) = Y{VL\^ij^{\ogD){Djr)\j^^). Let Di be an irreducible component of Dyj and ^j 

be the generic point of Di. Let Ki be the local field of X at ^i and let Xi '■ G'i^ ^ A^ 
be the character defined by the sheaf J^. The function field Fi of D^ is the residue 
field of Ki. Put Ui = SwXiXi > and let rswxi G r2i?-(log) ® m~^^ /m]^^^ denote the 
refined Swan character of the p-primary part of Xi- Let rji be the generic point of the 
divisor {U x U)'" x^jj^uy Di, let Li be the local field at rji and Ei be the residue field. 
Let ifi'. G^^_ -^ A^ be the character defined by the sheaf ?io- We have an inclusion 
nF^{\og)®m-£^/m-^^^^' = n\/,{\ogD){Drh C E,. 

The following lemma is a consequence of j2] Proposition 13.6. 

Lemma 4.2.3 Let the notation he as ahove and Ui = Sw^^Xi > 0. Then we have the 
following. 

1. The character ipi: Gf'. —>■ A^ is unramified and is of order p. 

2. The character ipi regarded as an element of H^{Li,Z/pZ) is the image of the 
minus of the refined Swan character iswxi € ^p-{\og) ®m7^^/m7^'^'^ hy the canonical 
map 

fiir^(log) ®m-"Vm-'''+^ C Ei > H\Ei,Z/pZ) C H\Li,Z/pZ) 

of Artin-Schreier theory. 



37 



Corollary 4.2.4 The smooth sheaf Hq on U x U is ramified along the component Aj 
of the exceptional divisor {U x U)' \{U x U) over Di x Di if ni = Sw^iXi > 0- 

Proof. We prove it by contradiction. Assume the sheaf Tio is unramified along Aj. 
Then the sheaf ?io is extended to a smooth sheaf on a neighborhood of the generic 
point C,i of Di = Aj n Aj^^. Then, the character ipi G H^{Li,'L/p'L) is defined by the 
pull-back of a character in G^^,c.\ = G^p_ -^ A^. This contradicts to Lemma [4.2.31 2. ■ 

Proof of Proposition 4-<i-^ 1- It follows from the assertion 1 in Lemma (4.2.31 and 



the purity of branch locus. 

2. It follows from the assertion 2 in Lemma (4.2.31 



Corollary 4.2.5 Let the notation be as in Proposition \4-2.2 We put TYq = j^Ti-Q. 
Then, we have the following. 

1. The canonical map ji\Rk2*'Ho = RJ2*kv.'Ho — > i?/*j^ i-RA;2*'^o = Rf*RJ2*^'v^'o ^^ 
an isomorphism. 

2. If J-' is clean with respect to D, the identity of Ho is extended to an isomorphism 

^0 ^ RgJ'.'T^o- 

Proof 1. It suffices to show that the restrictions oi Rf^j[,Rk'2^T-CQ and i?/*i?J2^,A;ii7io 
are on D x D. Since the assertion is etale local on X, we may assume the following 
conditions are satisfied: We have X = Xi x X2, U = Ui x U2 and JF = jFi IEIJF2. The 
open subschemes Ui C Xi and U2 C X2 are the complement of divisors Di C Xi and 
-D2 C X2 with simple normal crossings. The rank 1 sheaf J-'i on Ui is tamely ramified 
along Di and J-'2 on U2 is wildly ramified along each component of D2. 

Then, by the Kiinneth formula, it suffices to show the cases where X = Xi and 
X = X2 respectively. The case J^ is tamely ramified is proved in Lemma (2. 2. 41 Assume 
JF is wildly ramified along each component of D. Then, by Corollarv 14.2.41 the sheaf 
Tif) is ramified along each component of the exceptional divisor {U x U)' \ {U x U). 
Thus we have TC'q = jiHo and the assertion follows. 

2. Let go-.T = {Ux U)'" \{U xU) ^ D^ denote the restriction of ^: (U x U)" -^ 
{U X Uy . It suffices to show Rgo\{HQ\T) = 0. By Proposition 14.2.21 2. the restriction 
Ho'lr is the Artin-Schreier sheaf defined by the refined Swan conductor rswJF on the 
A'^-bundle T = V(i7^,^(logZ))(Djr)|£)^). By the assumption that rswjF is nowhere 
vanishing, the restriction of Tig" on every geometric fiber is an Artin-Schreier sheaf on 
A*^ defined by a non-trivial linear form. Thus the assertion follows. ■ 

Now, we are ready to prove the main result of this section. 

Theorem 4.2.6 Let X be a smooth scheme of dimension d over a perfect field k and 
U G X be the complement of a divisor with simple normal crossings. Let J-' be a smooth 
A-sheaf on U of rank 1. If J^ is clean with respect to D, we have 

C{m = CU^A) - c^ 

inH^'^{X,A{d)). 
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Proof. We keep the notation in Proposition 14.2.21 We put Hq = 7iom(pr2JF, pr];jF) 
and TCq = TComipilJ-', PT2J-') onUxU. By Proposition loc. cit., the sheaves TCq = j"'Ti.o 
and n'o* = ~j'l'ni on {U x U)'" are smooth of rank 1. The natural pairing Hq^Hq ^ A 
onU X U is extended uniquely to a pairing Hq ® Hq* ^ A on {U x U)'" . 

Further we put 7i = ji\Rk2:^Ho{d)[2d] and H = J2\Rki^Hl{d)[2d\ on X x X and 
n" = j'(,Rk'iJmi'{d)[2d] and Tt'* = f^,Rk'{J'n^'*{d)[2d] on {X x X)". We define 
i G H^xii^ X X)",Tt') = T{X,j,Snd{J^)) = V{U,£nd{J^)) to be the identity. We 
also define 1* G H\{{X x X)",n"*) to be the identity. By Corollary liTHl we obtain 
canonical isomorphisms H — > R{f ° g)*'H and H -^ R{f o g)^H . The pairing 
n'^ ® n^'* ^ A on {U X Uy induces a pairing h" ® H"* = [j[ o k'^ o ]")i{n'^' ® 
n^'*i2d)[Ad]) ^ /C(xxx)" on (X X X)". ^^ 

Thus the assumptions in Proposition 12.1.121 are satisfied. Since both (/ o ^)^1 
and (/ o g)^l* are equal to j\l = 1, we obtain C{j\J^) = (1, 1*). By the compatibil- 
ity (|1.12p . the right hand side is further equal to cl(X, X)(xxx)"- Since the conor- 
mal sheaf Nx/{xxx)" is isomorphic to Qx/k{^ogD){Djr), the self-intersection product 
(X, X)(xxx)" is equal to the 0-cycle class 

i-iyc,inx/k{logD)iD:,)) n [X] = {c,(fixA(logI?))(l - D^y' n [X]}*,^o. 

Thus the assertion follows. ■ 



As in Section 3, let i? denote a finite extension of 



Ee- 



Corollary 4.2.7 Let X be a scheme over a perfect field k and U G X be a dense open 
subscheme smooth over k. Let J-' be a smooth E -sheaf of rank 1 onU and let j : f/ — > X 
be the open immersion. If dim U < 2, we have 

C{m = C{j.E) - Sw.F 

zn/7°(X,/Cx). 

Proof. By Proposition 12.1.61 and Lemma 13.2. H we may replace X by a proper 
modification. Hence, by ^^1 Theorem 4.1, we may assume that X is smooth, that 
[/ C X is the complement of a divisor with simple normal crossings and that JF is 
clean with respect to the boundary. Then the assertion follows from Theorem 14.2.61 
applied to the reductions J-'n and the equality Sw(jF) = cjr ([12] Theorem 5.1.5). ■ 
Remark. By the argument in the proof of Corollaries I3.3.2[ 14.2.71 we obtain the 
Grothendieck-Ogg-Shafarevich formula 

(EH Xc(f/fc, ^) = rank.F ■ Xc(f/s, Q^) " deg Sw.F 

for a smooth ii^-sheaf JF if dim U < 2. This proof does not use the Weil formula. 
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5 Localized characteristic class. 

Let X be a smooth scheme over k and 5* C X be a closed subscheme such that 
the complement U is dense. Let J-' be an object of Dct{{X) and assume that the 
cohomology sheaves Ti'^jF are smooth on U. In this section, we will define a localization 
C^(J^) G Hg{X,)Cx) of the characteristic class as a cohomology class supported on S. 

5.1 Discrepancy of the map ( 11.71) . 

Let i: Z -^ X he a. closed immersion of schemes over k. For an object JF of D^{Y, A), 
we have a canonical map i*J-' 0^ -RrA —>■ Ri\F p.7|) . We construct a functor 

Ai:D-(X,A)^D-(Z,A) 

fitting in a distinguished triangle 

(5.1) ^i*J^0^ RtA^RrJ^^AiJ^^ . 

Let P ^ X be a conservative family of geometric points. For a A-sheaf J-" on X, 
let !F — >■ C(JF) be the Godement resolution defined by P (0 4.2.2). A canonical map 
J^ ® i*i'C(A) —>■ i^:vC{T) is defined as follows. Let ?7 — »• X be an etale morphism 
and s G J^{U) be a local section. Then, by regarding s as a map Ku -^ ^\ui we 
obtain a map s: i*rC(A)|;7 — >• 2,.rC(jF)|^ by functoriality. In other words, we have a 
map J-'{U) ® i*rC(A)|(7 -^ i^vC{J^)\u. They define a map JF ® i*i'C(A) -^ i^vC{J-') or 
equivalents i*JF® z!C(A) ^ rC(JF). 

Let /C be an object of D~{X,A). Let /Ci — i> /C be the Cartan-Eilenberg fiat reso- 
lution. The map defined above induces a map a: i*/Ci ® rC(A) — i> i'C(/Ci) of double 
complexes. Let X > be an integer greater than the cohomological dimension of 
V . Let r"^ be the partial canonical truncation with respect to the Godement degree. 
Then we define 

A,(/C) = Cone (/(z*/Ci ® r<^C(A)) ^ jiW%C{lC{)) 

to be the mapping cone of the map of simple complexes associated to the partial 
truncation of the map of double complexes. 

Lemma 5.1.1 For /C G D^{X^h), we have a distinguished triangle 

(TO) ^ i* J^ ®^ Ri- K ^ Ri- J^ ^ /\iJ^ ^ . 

Proof. The simple complexes associated to i*lCi ®vt'^^C{K) and vr'^^CiJCi) compute 
i*T ®^ RiK and Ri\F respectively. Further the map a defines the canonical map 
i*T ®^ RiA — > Ri\F. Hence, the assertion follows. ■ 

Corollary 5.1.2 // the cohomology sheaves Ti'^IC are smooth on a open subscheme 
U C X , the complex Aj/C is acyclic on Z nU. 

Proof. The canonical map i*J^ ®^ RiA -^ Ri\F is an isomorphism on U H Z. Hence, 
the assertion follows from the distinguished triangle ()5.1|1 . ■ 
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5.2 Localized characteristic class 

Let X be a scheme over k and 6: X —>■ X x X he the diagonal map. Let JF be 
an object of Dcti{X) and put Ti. = i?7Yom(pr];jF, pij^) on X x X. Recall that the 
characteristic class C(JF) g H^{X, )Cx) is defined by the composition 6*A ^ H ^ S^ICx 
by Proposition 12 . 1 . 7l We consider 

(5.2) A^^.A ^ AsH -^ As6Xx- 

Assume the cohomology sheaves Ti'^jF are smooth on the complement f/ of a closed 
subscheme S G X. Then, the cohomology sheaves of Ti are smooth on U x U and 
hence the complex A^Ti on the diagonal X is acyclic on U by Corollarv l5.1.2[ Hence 
the composition of the canonical map Ax = R6'6^Ax -^ A^^^A with the composition 
of ()5.2|1 defines a cohomology class Cg{J-') G Hg{X,AsS^:}Cx)- 

Further assume X is smooth of dimension d. Since the diagonal 6: X —>■ X x X 
is a section of the smooth projection prg : X x X —>■ X, we have an isomorphism 
JCx ® -R^'A —>■ Ax- Hence, by Corollarv l5.1.2l we obtain a distinguished triangle 

(5.3) -^A^JCx^ AsdXx -^ 
and hence an exact sequence 

i7°(X, A) -. Hl{X,Kx) ^ Hl{X,As5Xx) - Hl{X,A). 

We also assume that U = X\S is dense in X. Then, we have H^{X, A) = Hg{X, A) = 
and hence the canonical map Hg{X, K,x) -^ H^{X, A^^^/Cx) is an isomorphism. Thus, 
in this case, the class C^(JF) g H^{X, A^^^/Cx) gives an element of H^{X, /Cx)- 

Definition 5.2.1 Let X he a smooth scheme over k and S G X be a closed subscheme 
such that the com,plem,ent U is dense. Let T be an object of Dcti{X) and assume 
that the cohomology sheaves 7PT are smooth on U. We call C^{T) G -^^(X, /Cx) the 
localized characteristic class of J-'. 

Lemma 5.2.2 Let X be a smooth scheme over k and (JF, F,) be an object of DFctf{X). 
Assume that the cohomology sheaves Tif^Gr^J^ are smooth on the complement of a closed 
subscheme S G X for each p G Z. Then, we have 



Cl{r) = Y,Cl{Gr^^T) 



m H^{X, fC 



X 



Proof. The proof is similar to that of Lemma 12.1.31 The map 5^A ^ Ti = 
i?7iom(pr2.7-', pr^jF) is induced by a map 5*A — > F^Ti = Fo-R7iom(pr2JF, pr'j^jF). We 
have a canonical isomorphism Gr^Ti — > ^ R7iom{pT2Gr^J-',pT\Gr^J-'). The map 
H -^ S'lCx is induced by the sum of the maps TCg = RT-Com{pT2Gr^ J^ , pT[Gr^J^) —>■ 
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(5'/Cx- Thus the composition 6* A -^ FqH ^ Ti. ^ S'iCx is equal to the sum of the 

compositions 6^A ^ FqH ^ Tig ^ S^'K-x- Since the cohomology sheaves of FqTC are 

smooth on U X U, the assertion follows. ■ 

We show that the localized characteristic class refines the characteristic class of JF. 

Proposition 5.2.3 Let X be a smooth scheme over k and S G X be a closed sub- 
schem,e such that the com,plem,ent U is dense. Let T be an object of Dctf{X) and 
assume that the cohomology sheaves l-C^T are smooth on U. Then the image of the 
localized characteristic class C^{J-') G Hg{X,JCx) by the canonical map Hg{X,}Cx) — >■ 
H^{X, Kx) is equal to the difference C{T) — rankjF|[7 ■ C(A). 

Proof. Let j : U ^ X he the open immersion. By applying Lemma 15.2.21 to the 
filtration defined by the subcomplex i\Tu C JF, it is reduced to the cases where J^u = 
and T = i\Tu respectively. 

First, we show the case Tjj = 0. In this case, the complex 7i is supported on 
S X S and the localized class Cg(JF) g H^{X,}Cx) is defined by the composition 
(5* A ^ H ^ S^JCx -^ 5*A5(5*/Cx- Thus the assertion follows in this case. 

We show the case JF = j\J-'u- First, we consider the case T = j\A. By Corollary 
IKX^ we have C^(A) = 0. Hence we have CgO'iA) = -CO(i,A) by Lemma KT2\ and 
its image is — C(i*A) = C{j\A) — C(A). Thus the assertion is proved in this case. 

We prove the general case JF = j\J-'u- Since it has been proved for j\Au, it suffices to 
show that the image oi Cg{j\ J-")— rank J^-Cg{j\A) is equal to C(J!JF)— rank jF-C(jiA). To 
show this, we define a variant Cgf{j\J-'u) G Hg{X, As6^j\ICi/) of the difference C\{j\J-'u) — 
rank JF ■ C\{i\J^u) ^ H^{.X,j\lCu). Recall that the refinement C\{i\J^u) of C{j\Tu) is 
defined in Definition 12. 1.81 bv the composition of (5*A —>■ Ti —^ 5^:j\JCu- Applying A^ to 
this, we obtain a cohomology class C^^{i\J-'u) G if^(X, A^^^ji/Cj/). Since its image in 
Hl{X,As5Xx) ^ Hl{X,}Cx) is C^OiJ^c/), it suffices to show the following. 

Lemma 5.2.4 1. The difference Cgi{j\J-'u) — rankjF • Cgi{j\A) is in the image of the 
injection H^{X,j\}Cu) — > H^{X,AsS^j\ICu). 

2. The image of its inverse image in Hg{X,j\}Cu) by the map Hg{X,j\]Cu) — >■ 
H'^{X,j\}Cu) is equal to the difference C\{j\J^) — rankjF ■ C\{j\A). 

Proof. We may assume X and hence U is connected. We may also assume S is non- 
empty. We consider a commutative diagram 

H\U,Ajj) 
Hl{X,j,Au) > Hl{X,j,]Cu) -^^ Hl{X,As6,j,.ICu) -^ Hl{X,j^Au) 



b 



H%X,jAu) > H\X,3,lCu) -^^ H\X,As5,j,K,u) > H\X,j,A 



u) 
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of exact sequences. The horizontal arrows are induced by the distinguished triangle 
-^ i\Ku -^ j\JCu -^ AsS^jilCu ^, similar to ()5.3|) . The classes C^,{j\J-') and Cgi{j\A) 
lie in third term Hg{X,AsS^j\}Cu) on the upper line and C\{j\J^) and C\{j\A) lie in 
the second term H^[X,j\JCu) on the lower line. By the definition, they have the same 
images in the third term H^{X, As6^:j\}Cu) on the lower line. 

Since Hg{X,j\Au) = H^{X,j\Au) = 0, the horizontal arrows a and b are injective. 
Thus, it suffices to prove 

(5.4) dC%{jir)= rank J^ ■ dC%{j,A) 

in H'si^, J, Au). 

By the exact sequence = Hl{X, Ax) -^ Hl{X, As) -^ if|(X, jiA^/) -^ Hl{X, Ax) 
= 0, the map H'^{S,As) = Hg{X,As) — * Hg{X,j\Au) is an isomorphism. Thus, we 
may regard the equality ()5.4p as an equahty in H^{S, A). 

By the commutative diagram, the boundary dCgi{j\J-') is in the image of the in- 
jection i70(X,Ax) = H^iU,Au) -^ Hl{X,]^Au) = H\S,As). Thus, we may further 
regard the equality (j5.4j) as an equality in if°(X, Ax). 

We show the equality (j5.4j) in H^{X,Ax)i by reducing it to the case where JF is 
unramified along S. Take a closed point x G f/ and put S" = 5 11 {x} and U' = 
X \ S'. Let j' : f/' — » X be the open immersion and put JF' = J-'ljjr. Then, in the 
direct sum decomposition if°(S",A) = iJ°(S',A) © H^{x,A), we have C^,,(j,'J'') = 
{dC%{jiJ^), dCl,{][J^)) G H^{S, A)®H%x, A). It lies in the diagonal image oiH%X, A). 
Since the construction is etale local, we have (9C°,(j|'jF) = rank JF ■ dC^,{jiA). Thus 
we also have dC^,{j\J-') = rank JF • dCgi{j\A) and the assertion is proved. ■ 
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